Mathematica 11.3 Integration Test Results

Test results for the 286 problems in "4.5.2.3 (g sec)"p (a+b sec)*m
(c+d sec)*n.m"

Problem 1: Result more than twice size of optimal antiderivative.

JSec[emcx} (a+asec[e+fx]) (cchec[emcx})“dlx

Optimal (type 3, 105leaves, 12 steps):

7ac*ArcTanh[Sin[e+fx]] ac*Sec[e+fx] Tan[e+fXx]
8 f . 8 f )
3ac*Secje+fx]3Tan[e+fx] 4ac*Tan[e+fx]® ac*Tan[e+fx]°
4f ' 3f ' 5 f

Result (type 3, 499 leaves):

1 1
- ac*secle] Sec[e+fx]®|525C0os[2e+3fx] Log[Cos|[~ (e+fx)]-Sin[= (e+fx)]|]+
3840 f 2 2

525Cos[4e+3fx] Log[Cos|~ (e+fx)]-Sin[= (e+fx)]]+

105 Cos[4e +5fx] Log[Cos|[ = (e+fx) | -Sin[= (e+Fx)]|] +

R N[RN[R
R N[RN[R

105 Cos[6 e +5fx] Log[Cos |~ (e+fx)|-Sin[= (e+Ffx)]|]+
2 2

1050 Cos [ f X] (Log[Cos[% (e+fx)] —Sin[% (e+fx)]]-

Log[Cos[l (e+fx)] +Sin[1 (e+fx)]]|+1050Cos[2e+fx]
2 2

Log[Cos[% (e+fx)] —Sin[i (e+fx)]] —Log[Cos[% (e+fx)] +Sin[§ (e+fx)]]|-

105 Cos[6e +5fx] Log[Cos|~ (e+fx) | +Sin[= (e+fx) || +800Sin[fx] -

525Cos[2e + 3 fx] Log[Cos{l (e+fx)] +Sin[l (e+fx)]]-
2 2

525 Cos[4 e + 3 fx] Log[Cos{1 (e+fx)] +S.in[1 (e+fx)]]-
2 2

105 Cos[4e + 5 f X] Log[Cos[1 (e+fx)] +Sin[1 (e+fx)]] -
2 2
1 1
2

N

1920Sin[2e+fx] +780Sin[e+2fx] +780Sin[3e+2fx] +640Sin[2e + 3 fx] -

—

720Sin[4e+3fx] +30Sin[3e+4fx] +30Sin[5e+4fx] +272Sin[4e+5f X]
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Problem 2: Result more than twice size of optimal antiderivative.

JSec[ewa} (a+asec[e+fx]) <c—cSec[e+-Fx]>3d1x
Optimal (type 3, 86 leaves, 9steps):
5ac3ArcTanh[Sin[e+fx]] 3ac3Sec[e+fx] Tan[e +fx]
8 f 8 f
acSec[e+fx]3Tan[e+fx] 2ac3Tan[e+fx]3
+
af 3f
Result (type 3, 887 leaves):
5Cos[e+-Fx]3Csc[§+%X}GLog[CosSJrTX} —Sin[§+%"]] (c-csecle+fx]

a

5Cosfe+fx]3Csc[®+ %} Log[Cos[ 7]+Sin[

N

64 f

Ty
128 f (cOs[f + £ _sin[e %})4

Cosfe+fx]3Csc| —X]s(c—cSec[eH:x}) Sin[fX]

e
2

2 2
24-F(Cos[§]—sin[§} (Cos[§+‘cx]—sin[§+fx])3
6

Cosfe+fx]*Csc[¢+£2]% (c-csecle+fx])® (cos[£] ~17sin[2])

N
N |

Cos[e+-Fx]3Csc[g ‘CX]G (cchec[e+-Fx})3Sin[7]

N

12 f (Cos[ﬂ 751n[§]) (Cos[§+fx] 7Sin[§+

2
128 (Cos[i %‘] +Sln[§ ’%”4

Cos[e+fx]3Csc| fx]s(c—cSec[e+-Fx})3Sin[

=)
2

2
24 (Cos[g] +Sin[§” (Cos[§+”] +Sin[§+fx] ¥

Cos[e+-Fx]3Csc[§ %"]6 (c-csecle+fx])? (—Cos[f} 717Sin[§])

384 f (Cos[?] +Sin[§]) (Cos[? %} +Sin[§+ 'Fx])2

-4

X]G (c-csecle+fx])>sin|

])(Cos[f 1cT)‘]+Sln[§ + £

Cos[e+Fx]3Csc[§+

~ |

12 f (Cos[ﬂ +Sin|

N D
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Problem 3: Result more than twice size of optimal antiderivative.

JSec[ewa} (a+asec[e+fx]) <c—cSec[e+-Fx]>2d1x

Optimal (type 3, 61leaves, 6 steps):

ac?ArcTanh[Sin[e+fXx]] ac?Sec[e+fx]Tan[e+fx] ac?Tan[e+fx]3
- +

2f 2f 3f

Result (type 3, 313 leaves):

1
-——ac?Sec[e] Sec[e+fx]?3

3Cos[2e+3Fx] Log[Cos[l (e+fx)] —Sin[1 (e+fx)]]+
2

48 f 2
3Cos[4e+3fx] Log[Cos[1<e+fx)]—Sin[l(e+-Fx)H+
2 2
9 Cos [f X] Log[Cos[l(e+fx)]—$in[1(e+1:x)]]—
2 2
Log[Cos{l(e+Fx)]+Sin[l(e+-Fx>H +9Cos[2e+fxX]
2 2
1 -1 1 .1
Log[Cos|[~ (e+fx)]|-Sin[~ (e+fx)]|] -Log[Cos[= (e+fx)]+Sin[= (e+fx)]]]|-
2 2 2 2
3Cos[2e+3fx] Log[Cos[l(e+fx)]+sin[l(e+-Fx)Hf
2 2
3Cos[4e+3fx] Log[Cos[l<e+fx)]+sin[l(e+Fx)H—
2 2

12Sin[2e+fx] +6Sin[e+2fx] +6Sin[3e+2fx] +4Sin[2e + 3 fXx]

Problem 14: Result more than twice size of optimal antiderivative.

JSEC[E-%—'FX} (a+aSec[e+1cx})2 (c-csecle+fx])dx

Optimal (type 3, 61leaves, 6 steps):

a? cArcTanh[Sin[e+fx]] a?cSec[e+fx] Tan[e+fx] a?cTan[e+fXx]3

2f 2f 3f

Result (type 3, 124 leaves):

12i{azc —6Log[Cos[§ (e+fx)]-sin[= (e+fx)]]+6Log[Cos|

N |

(e+fx)]+sin]

N |

(e+fx)]]-

N R

3 3 3
+ -4Tan[e + fx]

(Cos[i (e+Fx)] 7Sin[§ (e+fx>”2 (Cos[i (e+Fx)] +Sin[§ (e+fx>])2
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Problem 15: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (a+aSec[e+-Fx])2 4
X

c-cSecl[e+fXx]
Optimal (type 3, 74 leaves, 5steps):

3a2ArcTanh[Sin[e+fx]] 3a’Tan[e+fx] 2 (a*+a?Sec[e+fx]) Tan[e+fx]

cf cf f(c-cSecle+fx])

Result (type 3, 220 leaves):

[ZaZCos[1 (e+fx)]secre+fx] Sin[% (e+fx)] [4Csc[3] Sec[~ (e+fx) ] Sin[—x} +

2 2

N |

=

(73Log[Cos[f (e+fx)]-sin[= (e+fx)]] +3Log[Cos[§ (e+Fx)]+sin|

1
2
sin[-Fx]/ [Cos[g} 7Sin[§]) (COS[E} +Sin[§])
1
2

N

Cos|

(e+fx)]-sin]

2
Cos[1 (e+Fx)]+sin|

2

1
2
(e+Fx” }

]) Tan[% (e+fx)

/(-F (c-csecle+fx]))

Problem 21: Result more than twice size of optimal antiderivative.

JSEC[E-%—'FX} (a+aSec[e+fX})3 (c—cSec[e+fx])6d1x

Optimal (type 3, 227 leaves, 16 steps):

55a3 c® ArcTanh[Sin[e+fx]] 25a®c®Sec[e+fx] Tan[e +fx]

128 f 128 f
15a3c®Sec[e+fx]3Tan[e+fx] 5acbSec[e+fx] Tan[e+fx]3
64 f " 24 :
5a3c®Sec[e+fx]3Tan[e+fx]®> a3cPSecle+fx] Tan[e+fx]>
16 ) 6F )
3a3cbSec[e+fx]3Tan[e+fx]®> 4a3>c®Tan[e+fx]’7 a®c®Tan[e+fx]°
8f " 7f : 9f

Result (type 3, 1686 leaves):

e
————————9Cos[e+fx]°Csc[—+—] Sec[—+ 3
33554432 f 2 2 2

1

2
(

-Fx}lz € -for(aJraSec[eJr-Fx])
2

(c—cSec[e+-Fx]>6 -1430 Log|Cos | (e+FxH—Sin[ <e+-Fx)H+

N |

e+fx)]] 7iSec[e+fx]8

1430 Log | Cos | : (e+fx) ]| +sin]
2 32

N |

(4601 Sin[e + fx] +3589Sin[3 (e+fx)| +54415in[5 (e+fx) | -715Sin[7 (e+fx)]) | -

11Cos[e+1:x19Csc[E+-F—X}IZSec[EJr-F—X}6 (a+asecle+fx])

- - 3
16777216 f 2 2 2 2
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(c-csecle+fx])® —210Log[Cos[l (e+fx)] —Sin[l (e+fx)]]+
2 2

(e+fx)] +Sin[l (e+fx)]] +LSEC[E+'FX]8

210 Log|[Cos |
2 32

N |

(5053 Sin[e + fx] +2681Sin[3 (e+fx)| +805Sin[5 (e+fx) | +105Sin[7 (e+Fx)|) |+

5 e fx, 12 e fx;,e
————————29Cos[e+fx]?Csc[—+—] " Sec[—+ —| (a+asec[e+fx])
25165824 f 2 2 2 2

3

(c-csecle+fx])® —330Log[Cos[1 (e+Fx)] —Sin[l (e+fx)]]+
2 2

330Log[Cos[l (e+fx)] +Sin[1 (e+fx)]] +LSEC[E+'FX]8
2 2 32

(-6103Sin[e+fx] +4213Sin[3 (e+fx)| +1265Sin[5 (e+fx) | +165Sin[7 (e+fx)]) | -

1 e fx 12 e fx.6 3
———————5Cos[e+fx]°Csc[—+—]| Sec|[—+—] (a+aSecle+fx])
8388608 f 2 2 2 2

(c—cSec[e+-Fx]>6 —858Log[Cos[1<e+fx)]—sin[£(e+Fx)H+
2 2
858Log[Cos[1 (e+fx)] Sin[1 (e+fx)]] ! Sec[e + fx]8
— + + — + + — +
2 2 32

(3793 Sin[e + fx] -8707Sin|3 (e+fx)| +3289Sin[5 (e+fx)| +429Sin[7 (e+fx)]) | +

7Cos[e+Fx]9Csc[S+B]lzsec[g+3]6 (a+aSec[e+1“x])3
33554432 f 2 2 2 2
(c-csecle+fx])® 724310Log[Cos[1 (e+fx)] 7Sin[£ (e+fx)]]+
2

— N

24310 Log[Cos[1 (e+fx)] +sin]
2

N |

1 . .
e+fx)]] 73*25ec[e+-Fx] (45449 Sinfe+ fx] +

93781Sin[3 (e+fx)| +597295in[5 (e+fx)| +20613Sin[7 (e+fx)])| -

1 s e fx, 12 e fXx,6 3
——9Cos[e+fx]°Csc[—+—] "Sec[—+-—] (a+aSec[e+fx])
8192 2 2 2 2

(c-cSecle+fx])®

32Tan[e+fx] 16Sec[e+fx]2Tan[e+fx] 4Sec[e+fx]*Tan[e+fXx]

+ + +
63 f 63 f 21 f
10Sec[e+fx]®Tan[e+fx] Secl[e+fx]8Tan[e+fx]
- +
63 f 9f

Cos[e+-Fx}9Csc[E+f—x}lzsec[g+f—x}6 (a+aSec[e+1Cx])3
8192 2 2 2
(c-csSecle+fx])®

32Tan[e+fx] 16Sec[e+fx]2Tan[e+fx] 20Sec[e+fx]*Tan[e+fx]

+ - +
9f 9f 3f
22Sec[e+fx]®Tan[e+fx] Secl[e+fx]8Tan[e+fx] 1
9f 9f 65536

3Cos[e+1‘°x}9Csc[S+1‘:—)(}125ec[5+1c—x}6 (a+aSec[e+-Fx])3 (c-csecle+fx])°
2 2



6 | Mathematica 11.3 Integration Test Results for 4.5.2.3 (g sec)”p (a+b sec)”~m (c+d sec)”™n.nb

+ —

[256Tan[e+fx] 448Sec[e+fx]%?Tan[e+fx] 80Sec[e+fx]*Tan[e+fx]

9f 9f 3f
40Sec[e+fx]®Tan[e+fx] Sec[e+fx]8Tan[e +fx] 1
+ +
9f 9f 16 384
e fx e fx
3Cos[e+1‘x}9Csc[—+—}IZSec[—+—}6(a+aSec[e+¥x])3(cchec[eJrfx})6
2 2 2 2
[64Tan[e+fx} 32Sec[e+fx]2Tan[e+fx] 8Sec[e+fx]*Tan[e +fXx]
+ + -
63 f 63 f 21 F
64Sec[e+fx]®Tan[e+fx] Secl[e+fx]8Tan[e+fx] 1
+ +
63 f 9f 65536
e fx e fx
55Cos[e+1cx]9Csc[—+—]125ec[—+—]6<a+aSec[e+1‘:x})3(c—cSec[eH‘:x])6
2 2 2 2
[128Tan[e+fx] 64Sec[e+fx]%2Tan[e+fx] 16Sec[e+fx]*Tan[e +fx]
+ + +
315 f 315 f 105 f
8Sec[e+fx]®Tan[e+fx] Sec[e+fx]®Tan[e +fx]
+
63 f 9f

Problem 27: Result more than twice size of optimal antiderivative.

JSec[eﬂcx] (a+aSec[e+1‘:x])3 4
X

c-cSec[e+fx]

Optimal (type 3, 100 leaves, 6 steps):
15 a3 ArcTanh[Sin[e+fx]] 10a3Tan[e+ fx]

2cf cf
5a3Sec[e+fx] Tan[e+fx] 2a (a+aSec[e+fx])2Tan[e+fx1
2cf f(c-cSecle+fx])

Result (type 3, 287 leaves):
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1

(e+fx)]4
16 f (c-cSec[e+fx])

a®Cos[e+fx]?Sec|

N R

32Csc[5] Sec[l (e+Fx)] Sin[f—x} +

(1+Sec[e+Fx])3Tan[l(e+fx)] 5 A A

2

1

-30 Log[Cos|[~ (e+fx)]|-sin[= (e+fx)]|]+30Log[Cos|[~ (e+Fx)]|+Sin[= (e+Ffx)]]+

N |
N

N |
N |

1 1

- +

(Cos[i (e+fx)] —Sin[i (e+fx)”2 (Cos[i (e+fx)] +Sin[i (e+fx)”2

(16Sin[fx])/ (Cos[g]—sin[g}) (Cos[§]+sin[§}) COS[%(G-%—'FX)]—
Sin[i(ewa)] Cos[%(eJr-Fx)]JrSin[i(e+fx)])) Tan[%(eJr-FxH

Problem 28: Result more than twice size of optimal antiderivative.

jSec[eJrfx] (a+asSecle+fx])? 5
X

(c—cSec[eM‘:x])2

Optimal (type 3, 119leaves, 6 steps):

5a3ArcTanh[Sin[e+fx]] 5aTan[e +fXx]
" _
c2f c2f

2a <a+aSec[e+fx1>2Tan[e+-Fx] 10 (a® +a’Sec[e+fx]) Tan[e + f x]
+

_"‘nc(c—cSec[e+-Fx})2 3f (c?-c?secle+fx])

Result (type 3, 671 leaves):
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2Cos[e+ fx] Csc[s} Sec[g+1‘7x}5 (a+aSec[e+Fx])3Sin[B] Tan[g+fl]
2 2 2

2 2 2 /

2Cos[e+fx] Cot[¢] Sec{9+f—x}4 (a+aSec[e+1Cx])3Tan[§+Tc—"]2
(3F(c—c$ec[e+fx])2)— 2 22 22

3f (c-cSec[e+fx])?

e e fx,3 3. fx e fx,3
(10Cos[e+fx} Csc[—]sec|[—+-—] (a+aSecle+fx])>Sin[—] Tan[—+ —] /
2 2 2 2 2 2

(3f(c—cSec[e+fx])2>— 5Cos[e +f X] Log[Cos[E+f—X]—Sin[S+f—XH
2 2 2 2
Sec[§+f7x]2(a+aSec[e+1Cx])3Tan[E+f—x]4 /(Z'F(C—CSEC[E+'FX])2)+

2 2
e fx . e fx e fx,2
(5Cos[e+fx]Log[Cos[—+—]+Sln[—+—]]5ec[—+—]
2 2 2 2 2 2

(a+aSec[e+1Cx])3Tan[E+f—x}4 / (2f (c—cSec[e+fx])2) +

2 2
(Cos[e+-Fx] Sec[g+1c—x}2 (a+aSec[e+fx])3Sin[f—X] e, fx
2 2 2

(2-F(c—c$ec[e+fx])2(Cos[g]—sin[g]](Cos[e fx in[ e, X
2 2 2

(COS[E+‘FX] Sec[3+1c—x}2 (a+aSec[e+fx])3Sin[f_X] e fx.4
2 2 2

(21: (c—cSec[e+1‘x])2 (Cos[g] +Sin[g]] (Cos[g+f—x] +Sin[g+f—x]
2 2 2 2 2 2

Problem 34: Result more than twice size of optimal antiderivative.

JSec[eﬂcx] (c-csecle+fx])*

a+aSec[e+fx]

dx

Optimal (type 3, 121 leaves, 10 steps):
35 c*ArcTanh[Sin[e + fx]]

28 c*Tan[e + f x]
4
2af af
21c*Sec[e+fx] Tan[e+fx] 2cC (c—cSec[e+fx})3Tan[e+Fx] 7c*Tanle + fx]3
+ +
2af

f(a+asSecle+fx]) 3af

Result (type 3, 1036 leaves):
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3 e fx;2 e fx,6
(35Cos[e+-Fx] Cot[7+f] Csc[f+f}
2 2 2 2

Log[Cos[ng-F?X] —Sin[§+%H (c—cSec[e+fx])4]/ (16 f (a+aSecle+fx])) -

3 e fx;2 e fx,6 e fx e fx
(35Cos[e+fx} Cot[—+—] Csc[—+—] Log[Cos[—+—] +Sin[—+ —]]
2 2 2 2 2 2 2 2

(c—cSec[e+fx])4)/ (16 f (a+asecle+fx])) +

2Cos[e+fx]3Cot[S+f—X] Csc[s+f—x]75ec[g} (c—cSec[eJr-Fx])ASin[-F—X})/
2 2 2 2 2 2

(f(a+asecle+fx])) +

e fx . e fx
Cos[—+—]-Sin[—+ —|
2 2 2 2

Cos[e+-Fx]3Cot[E+B]ZCSC[E+3]6 (c—cSec[e+fx}>4Sin[{—X}
2 2 2 2 2

[48'F (a+asec[e+fx]) (COS[E} ‘Si”[g])

3
J+
fx,2 e fx,6 e e
C Fxdcot[ S X P esc[ S X -cS f 4[—7C*8S'*)]
(os[e+ X] o[2+ 2] sc[2+ 2] (c-csecle+fx]) os[z}+ in] =] /
2
J+

Csc[7+fx]6 (c—cSec[e+fx])4Sin[B]]/

2 2 2

[481c (a+asecle+fx]) (Cos[g} 7Sin[s]) COS{S+F—X] 7Sin[g+f_x}

2
}

X2
{241: (a+asecle+fx]) (Cos[g} —Sin[g])
2 2

3 e f
(35Cos[e+1:x1 Cot|—+ —
2 2

e fx
Cos|—+ — | -Sin
%+ 7] -sin]

T]ZCSC[§+F7X]6 (c—cSec[e+Fx}>4Sin[%}

3 e fx
(Cos[e+-Fx] Cot|[—+
2

Cos[S+F—X] +Sin[g+f—x}

e e
[48f(a+a5ec[e+fx}) (Cos[;}JrSin[—]) S5 o5

2

3
J+
(Cos[e+Fx]3Cot[E+B]ZCSC[E+B]6 (c-csecle+fx])* [7Cos[g] +8$in[g]])/

P 2 2

2 2 2
2
Cos[g+—fx] +Sin[ =+ —| )+

%Sin[g]j 2 2 2 2
/

e fx
[48f (a+asecle+fx]) (Cos[

]

X2
(241‘: (a+asecle+fx]) (Cos[g} +Sin{g])
2 2

&
2
cSc[S+ ’C_X]G (c_csec[e+fx])451”[f—x]

2 2 2

3 e f
(35Cos[e+fx} Cot|—+ —
2 2

e fx . e fx
Cos|[—+—] +Sln[—+—})
2 2 2 2

Problem 35: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (c-cSecle+fx])? 5
X

a+aSec[e+ fx]

Optimal (type 3, 100leaves, 6 steps):
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15 c3 ArcTanh[Sin[e+fx]] 10c3Tan[e + fx]

+ —

2af af

5c3Sec[e+fx] Tan[e+fx] 2c¢ (c—cSec[e+fx])2Tan[e+fx}
+

2af f (a+asecle+fx])

Result (type 3, 287 leaves):

1 3 1 1 4
Cos[e+fx]?Cot[~ (e+fx)|Csc[= (e+Fx)]
16af (1+Sec[e+fx]) 2 2

—32Csc[1 (e+fx)] Sec[g} Sin[f—x] +Cot[1 (e+fx)]

(c—cSec[e+1Cx])3
2 2 2 2

N |

(e+fx)]-sin[= (e+fx)]] +30Log|Cos|

N |

(e+-Fx)] +Sin|

N R

(e+fx)]]+

N |

[30 Log [Cos [

1 1

|

(os[2 (e+fx)] -sin[X (e+fx)]]* [cos[L (e+fx)]+Sin[l (e+Fx)]]

(165in(Fx]) / (Cos[g] 7sm[§}) (Cos[g] +Sin[§})

Cos[l (e+fx)] +Sin[1 (e+fx)]

Cos[l(e+Fx)}fsin[1(e+fx)] A A

2 2

Problem 36: Result more than twice size of optimal antiderivative.

Secle+fx] (c-cSecle+fx])?
J dx
a+aSec[e+ fx]

Optimal (type 3, 74 leaves, 5steps):

3c2ArcTanh[Sin[e+fx]] 3c?Tan[e+fx] 2 (c*-c?Secle+fx]) Tan[e+fx]
- + +

af af f (a+aSecle+fx])

Result (type 3, 220leaves):

[ZCZCOS[l (e+fx)]|secie+fx]
2

Sin[% (e+fx)] (4Csc[§ (e+fx)] Sec[g} Sin[%] +Cot[§ (e+fx)]

3Log[Cos[% (e+fx)] —Sin[% (e+Ffx)]] —3Log[Cos[§ (e+fx)] +Sin[§ (e+fx)]]+
sin(fx] / (cos[i}_sm[g]) (cos[ipsm[ﬁ])

2 2 2
Cos[% (e+fx)] +Sin[§ (e+fx)]

Cos[% (e+fx)] —Sin[% (e+fx)]

]))]/ (af (1+Secle+fx]))
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Problem 42: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (c—cSec[e+1cx])5 4
X

(a+aSec[e+1‘x])2

Optimal (type 3, 164 leaves, 11 steps):
105 c®> ArcTanh[Sin[e+fx]] 84c®>Tan[e+fx] 63c’Sec[e+fx] Tan[e +fXx]

— + —

2a%f a’f 2a%f
6 c2 (c—cSec[e+Fx})3Tan[e+fx] 2c(c—cSec[e+fx])4Tan[e+fo 7c5Tan[e + fx]3
. _
f (a?+a?secle+fx]) 3f (a+aSec[e+fx])? a? f

Result (type 3, 380 leaves):
1

3072a2 f (1+Sec[e+-Fx])2

Cot[i (e+fx)} Csc[i (e+-Fx>]6 (c—cSec[e+fx])5 20160Cos[e+-Fx]3Cot[§ (e+Fx”3
Log[Cos[% (e+fx)] —Sin[% (e+fx)]] —Log[Cos[% (e+fx)] +Sin[§ (e+Fx)]]|+

1 3 e . fx . .3fx
Csc[ = (e+fx) | Sec[;} Sec[e] [-1323 sln[T} +3247 Sin|
2

| -29015sin[e - 1C—X] +
2

],
5fx

2
7 fx

2
9fx

2

| +1827sin[2e+ 3fx

. fx . fx . 3fx
1197 Sin[e+ —] - 3027 Sin[2e + ?] -273Sin|e+
2

f x

] 3fx . 5 X 5Fx
1693 Sin[3e + | +19955Sin[e + | -117sin[2e+

| +1143sin[3 e+

]_
]_

. 5fx . 7fx
969Sin[4e+ | +1173sin[2e+

| +117Sin[3 e+ AR

| +747sin[4 e+

. 7 fx . 9fx i 9fx
309 Sin[5e+ | +494sin[3e+ | +142sin[4e+

| +352sin[5e+

]

Problem 43: Result more than twice size of optimal antiderivative.

JSec[eﬂcx] (c—cSec[e+1Cx])4dl
X
(a+aSecle+fx])?

Optimal (type 3, 150 leaves, 7 steps):
35 c*ArcTanh[Sin[e+fx]] 70c*Tan[e+fx] 35c*Sec[e+fx] Tan[e+fXx]
- + +
2a%f 3a%f 6a’f

2c¢ (c—cSec[e+fx})3Tan[e+-Fx] 14 (cZ—CZSec[eﬂcx})2Tan[e+fx]

3f (a+aSec[e+fx])? 3f (a?+a2Secle+fx])

Result (type 3, 349leaves):
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1

c* Cos | <e+fx)] Sec[e+fx]?

N |

3a2'F<1+Sec[e+-Fx])2

Sin[% (e+1:x)]3 {—256Cot[; (e+-Fx)]2Csc{§ (e+fx)] Sec{g} Sin[%} -
32Csc[§ (e+fx>]35ec[§] Sin[%x} +3Cot[% (e+fx)]

N |

{—70Log[Cos[§ (e+fx)]-sin[= (e+fx)]] +70Log[Cos[% (e+fx)] +Sin[§ (e+fx)]]+

1 1

I

(Cos[% (e+fx)] —Sin[% (e+fx)”2 (Cos[% (e+fx)] +Sin[% (e+fx)”2

(24Sin[-Fx])/ (Cos[g] —Sin[g}) (Cos[g] +Sin[§})

Cos{% (e+fx)] —Sin[i (e+fx)]

Cos{% (e+fx)] +Sin[% (e+fx)]

Problem 44: Result more than twice size of optimal antiderivative.

JSec[eﬂcx] (c—cSec[e+1‘x])3 ;
X

(a+aSecle+fx])?

Optimal (type 3, 119leaves, 6 steps):
5c3ArcTanh[Sin[e+fx]] 5c3Tan[e+fx]
a’f a’f

2c (c-cSec[e+fx])?Tan[e+fx] 10 (c*-c3Sec[e+fx]) Tan[e+fx]

+

3f (a+aSec[e+fx])? 3f (a?+a2Secle+fx])

Result (type 3, 671leaves):
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e X4 e fx;2
5Cos[e+-Fx}Cot[f+f] Csc[7+f}
2 2 2 2
e fx e fx
Log[Cos|[—+ —] -Sin[—+ — -cS f3]/2f S fx1)?) -
og| os[2+ 2] 1n[2+ " 1] (c-csecle+fx]) ( (a+asec[e+fx]) )
e fx,a e fx;2 e fx . e fx
5Cos[e+fx] Cot[—+—] Csc[—+—] Log[Cos|—+—]+Sin[—+ —]]
2 2 2 2 2 2 2 2
(c—cSec[e+fx])3)/(2f(a+a$ec[e+fx])2)+
e fx,3 e fx;3 e 3. fx
(10Cos[e+fx] Cot|[ =+ —] Csc[—+—] sec|[—] (c-csec[e+fx]) Sln[—]]/
2 2 2 2 2 2
(3F(a+a$ec[e+fx])2)+
2Cos[e+fx] Cot[EJrf—X]Csc[EJrf—x}SSec[S] (cchec[e+-Fx})3Sin[F—X])/
2 2 2 2 2 2
(3F(a+aSec[e+-Fx])2)+
e fx,a e fx,2 3. rfx
(Cos[e+fx]Cot[—+—} Csc[—+—] (c-csSecle+fx]) Sln[—])/
2 2 2 2 2
[2f(a+aSec[e+fx])2(Cos[g]—Sin[E])(Cos[g+f—x]—Sin[E+f—X] +
2 2 2 2 2 2
e fx.a e fx,2 3. fx
Cos[e+fx] Cot|—+—] Csc[—+-—] (c-cSec[e+fx]) Sln[—])/
2 2 2 2 2
[2f(a+aSec[e+fx])2(Cos{e]+sin[g]) Cos[g+f—x]+sin[g+f—x] +
2 2 2 2

2 2
e

2Cos[e+fx] Cot[§+%]2Csc[2+’%}4 (c—cSec[e+fx])3Tan[§]

3f (a+aSec[e+fx])?

Problem 48: Result more than twice size of optimal antiderivative.

J Sec[e + f x] dx
(a+aSec[e+fx])? (c-cSecle+fx])?

Optimal (type 3, 38leaves, 3 steps):

Csc[e+fx] Cscle+fx]3

azc?f 3a2c?f

Result (type 3, 100 leaves):

1 5Cot[i(e+fx)] Cot[i(e+fx)]Csc[i(e+Fx)]2
a’c? 12 f : 24 :
5Tan[i(e+fx)] Sec[i(ewa)]zTan[i(e+-FxH

12 f 24
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Problem 54: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (c—cSec[e+Fx])4d1
X

(a+aSec[e+1Cx])3

Optimal (type 3, 164 leaves, 7 steps):

7 c*ArcTanh[Sin[e+fx]] 7c*Tan[e+fx] 2c(c—cSec[e+fx])3Tan[e+fx}
_ ' + _

a’f a’f 5f (a+aSecle+fx])>

14 (c2-c2Sec[e+fx])?Tan[e+fx] 14 (c*-c*Secle+fx]) Tan[e+fx]
+
15af (a+asSecfe+fx])? 3f (a®+a’Secle+fx])

Result (type 3, 826 leaves):

fx, 6
7 Cos[e + fx] Cot[—+—] Csc|[—+—|
2 2 2 2

Log[Cos[§+f?X] —Sin[§+%]] (c—cSec[e+fx])4]/ (Z'F (a+aSec[e+fx])3) -

fx. 6 e fx;2 e fx . e fx
(7Cos[e+fx] Cot[—+—] Csc|[—+—] Log[Cos[;+7}+Sln[;+7H
2 2 2 2

(c—cSec[e+fx])4)/ (2-F(a+a$ec[e+1°x])3) +

(76C05[e+fx} Cot[;+%]5CSc[§+f7x}3Sec[§] (c—cSec[e+'FX])4Sin[f7X]]/
3 +

£x

.y

)

(15f(a+aSec [e+fx]

e
(8Cos[e+fx Cot[

3
+

(15f(a+aSec [e+fx]

e fx
Csc[—+ —]"sec[—| (c-csSec[e+fx])*sSin[ —
) cse] £+ X7 e[ £] fe-eseelenx))sin]
3

(SF (a+aSec[e+fx]) >+

f x

)’)
] Csc[g+f—x]55ec[§} (c—cSec[e+fx})4Sin[%})/
)
]

/

(2Cos[e+fx Cot[

fx,6 e fx;2 4. rFX
c Fx] Cot[~+—]"Csc[~+-—]" (c-cs £x])*sin[—
(os[e+ x] Co [2 2} sc[2+ 2] (c-csecle+fx]) 1n[2])/
(2F(a+a$ec[e+fx])3(Cos{g]—sin[g]](Cos[g+—fx]—sin[g+ix] +
2 2 2 2 2 2
e fxi6 e fx;2 4. TX
C fx) Cot[ =+ —]"Csc[~+ -] (c-cs £x])*sin[—
(os[e+ X] o[2+ 2} sc[2+ 2] (c-csecle+fx]) 1n[2])/
f x e fx
2f S f 3(c €] 4sin[ S ) (c L X s S T
( (a+asecle+fx]) 05[2]+ 1n[2] os[2 2]+ 1n[2+ 2]

8 Cos[e +fX] Cot[—+%] Csc[ ‘C—X}A (c—cSec[e+fx])4Tan[§]

+

2
15f (a+asece+fx])?

2Cos[e +fx] Cot[§+’c2—x]2Csc[§+%X}6 (c—cSec[e+fx])4Tan[§]

5f (a+aSecle+fx])>
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Problem 60: Result more than twice size of optimal antiderivative.

J Sec[e + f x] dx
(a+aSec[e+fx])? (c-cSec[e+fx])?

Optimal (type 3, 59leaves, 4 steps):

Csc[e+fx] 2Csc[e+fx]® Cscle+fx]>
- +

alcdf 3a3c3f 5a3c3f

Result (type 3, 159 leaves):

1 [ 89Cot[} (e~ fx)] ) 31Cot[? (e+fx)]Csc[ (e+fx)]’

3

C 240 f 480 f

Cot[%(e+-FxHCsc[§(e+fx>]4 89Tan[§(e+fx”
160 f ) 240 f '
31Sec[i (e+fx)]2Tan[§ (e+Fx)] ) Sec[i (e+fx”4Tan[i (e+Fx)]

480 f 160 f

Problem 61: Result more than twice size of optimal antiderivative.

J Sec[e + f Xx] q
X
(a+aSec[e+-Fx])3 (c—cSec[eJr-Fx])4

Optimal (type 3, 99leaves, 7 steps):
7Cot[e+-Fx]7 3Csc[e+Fx]57Csc[e+fx]7

7adctf adchf adctf 5a3ctf 7alctf

Cscle+fx] Cscle+fx]3

Result (type 3, 211 leaves):

1 1 2 5
—Csc[e]Csc[—(eJr-Fx)] Cscle+fx]
35840 a3 c* f 2

(2912Sin[e] +416 Sin[fx] - 7620 Sin[e + f x] +1985Sin |2 (e + fx) ] +
3810Sin[3 (e+fx)| -1524Sin[4 (e+fx) | -762Sin[5 (e+fx) | +
381Sin[6 (e+fx) | -2016Sin[2e+fx] +2080Sin[e+2fx] -1680Sin[3e+2fx] +
240Sin[2e+3fx] +560Sin[4e+3fx] -880Sin[3e+4fx] +
560 Sin[5e+4fx] +400Sin[4e+5fx] -560Sin[6e+5fx] +80Sin[5e+6fx])

Problem 62: Result more than twice size of optimal antiderivative.

J Sec[e + f x] dx
(a+asecle+fx])® (c-cSecle+Ffx])®

Optimal (type 3, 120leaves, 10 steps):
2Cot[e+fx]® Cscle+fx] 5Cscle+fx]® 9Csc[e+fx]®> Cscle+fx]’” 2Cscle+fx]?
- +

+ - +
9a3ccf alccf 3a3c>f 5a3ccf alccf 9a3c>f
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Result (type 3, 257 leaves):
1

184320a%c5f (-1+Sece+fx])° (1+Sec[e+fx])>

Cscle] Sec[e+fx]’ (-33024Sin[e] + 6144 Sin[fx] + 76455Sin[e + fx] -
33980Sin[2 (e+fx)| -32281Sin[3 (e+fx)] +27184Sin[4 (e+fx)] +
1699 Sin |5 (e+fx) ] -6796Sin[6 (e+fx) ] +1699Sin([7 (e+fx)] +22656Sin[2e+fx] -
17216Sin[e+2fx] +4416Sin[3e+2fx] +3200Sin[2e +3fx] -15360Sin[4e +3fx] +
12160Sin[3e+4fx] -1920Sin[5e+4fx] -5120Sin[4e +5fx] +5760Sin[6e +5f x] +
320Sin[5e+6f x] -2880Sin[7e +6 f x] +640$in[6e+7fx]) Tan[e + f X]

Problem 68: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JSec[eﬂcx] (a+asec[e+fx])

c-cSecle+fx]

Optimal (type 3, 77 leaves, 3 steps):

2+/2 aArcTan| c Tan[e+fx]

A2 \/c-cSecle+fx] 2aTan[e + fx]
+

e f f/c-cSec[e+fx]

Result (type 3, 167 leaves):
- ((1 V2 a(-1+et @)

(ﬁ (1+ej1 (e+fx)) ‘2 1+eZJ'1(e+'Fx) LOg[l—ej (e+‘Fx)} ) 1+ezi(e+fx)

Log[1+ej(e+fx)+\/? /1+ezﬁ(e+fx) ])]/(<1+en(e++X>)-F\/c—cSec[e+'Fx] ))

Problem 69: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+asecle+fx]) 4
X

(c-csecle+fx])>?

Optimal (type 3, 76 leaves, 3 steps):

aAr‘cTan[ BT
A2 4/ c-cSecle+fx] aTan[e + f x]
NPRELY: f (c-cSecle+fx])>?

Result (type 3, 298 leaves):
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. i (e+fx)
a 2 (e*%l (e+fx) e 14+ @21 (e+fx)
1+ eZI'L (e+f x)

Log[1-e' X)) _Log[1+e! ©FX 42 [1 o2 (esFx) ]]

Sec[e+-ij3/ZSin[S+.F—X]3 /(-F (C—CSEC[e+fX])3/2) .
2 2

4Cos[§} Cos[%’(] 2Cot[§] Csc[§+%"} ZCSC[ﬂ Csc[§
_ . _

£ f f

{Sec[eﬂcx]2

4sin[¢] sin[£*]

.F

. e fx;,3
Sln[—+—}
2 2

/(cchec[eH‘x])”2

Problem 70: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+asecle+fx]) ;
X

(c-csecle+fx])>?

Optimal (type 3, 113 leaves, 4 steps):

aAr‘cTan[ c Tan[e+f x]
V2 \[e-cseclerfx] aTan[e + f x] aTan[e + f x]
- +
82 c5/2F 2f (c-cSec[e+fx])*? 8cf(c-cSecle+fx])>?

Result (type 3, 362 leaves):
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. i (e+fx)
a e’il (e+fx) € /1 4 @21 (e+fx)

1+ eZiL (e+f x)

“Log[1-ei ©FX] . Log[1+ el (¢ e/2 2142t (e X ])

SeC[e+fX}5/25in[S+f—X]5 /(ZF (c—cSec[e+fx])5/2) +
2 2

3Cos[§] Cos[%"} 7Cot[§} Csc[§+ %X] Cot[g] Csc|
_ . _ _

f 2f f

{Sec[eﬂcx]3

7Csc[§] Csc[§+’;—x]2$in[%‘] +Csc[§] Csc[§+’c2—x]4Sin[fTX] ) BSin[f] Sin[%"]
2 f £ f
. e fx.s 52
Sln[;+7] /(c—cSec[e+fx])

Problem 75: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+aSec[e+1‘:x])2 4
X

vc-cSecle+ fx]

Optimal (type 3, 117 leaves, 4 steps):

4~/2 a?ArcTan]| ¢ Tan[e:fx]
V2 \/c-csecle+fx] 16 a2 Tan[e + f X] 2a2+/c-cSecle+fx] Tan[e+fx]
. _

Ve f 3f+/c-cSec[e+fx] 3cf

Result (type 3, 292 leaves):
1

3f+/c-cSec[e+fx]

aae st (X Sec[e+fx] [Cos]| Sin[~ (e+fx) |

7+3\/? }1+ezj(e+fx) Log[l—ei (e+fx)] 73\/? 1+e21‘1(e+fx)
Log[1+e® (¥ 1 /2 (J1+e2t (&FX | isecle+fx] | -312 1+ (eFX
. . : 1
(Log[l—el (€50 ] _Log[1+et (090 /2 A1+ et (eFx) ]) Sin[ = (e+fx)]
2

Ces o1
(e+Fx” +151n[g (e+-Fx)]

N |
N |

Cos[% (e+fx)]
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Problem 76: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSGC[EJHFX] (a+aSec[e+fx])2 4
X

(c-cSecle+fx])>?

Optimal (type 3, 113 leaves, 4 steps):

3+/2 a?ArcTan| ¢ Tan[e+fx]
V2 +Jc-cSeclesfx] 2a%Tan[e + fx] 2a%Tan[e + fx]
c32f F(c—cSec[e+fx])3/2 cf/c-cSecle+fx]

Result (type 3, 337 leaves):

. i (e+f x)
3 e—i—n (erfx) e [14 21 (e+Fx)

1+ eZJi (e+f x)

Log[l—ei (e+-Fx)] —Log[lwej‘ (e+f x) +ﬁ l1+e211 (e+f x) ]

(a+aSec[e+-Fx])2Tan[E+f—x}3 /(fm(c—cSec[e+fx1)3/z)+

2 2

e fx
S - -
ec[2+ 2]

4Cos[§} Cos[fz—x] Cot[f] Csc[§+ “]
- +

f f

{Sec[g+f—x] (a+aSec[e+1‘:x])2
2 2

Csc[f] Csc| +‘CTX]ZSin[‘CTX] 4Sin[§] Sin[%"]

£ f

e
2

Tan|[—+ —|

/(c—cSec[e+-Fx])3/2
2 2

Problem 77: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+aSec[e+1‘:x])2 4
X

(c-cSecle+fx])°>?

Optimal (type 3, 117 leaves, 4 steps):

3 a2 Ar‘cTan[ ¢ Tan[e+fx]
V2 [c-cseclerfx] a’?Tan[e + f x] 5a2Tan[e + f x]
- - +
42 c5/2f f(c-cSecle+fx])*? 4cf(c-cSecle+fx])>?

Result (type 3, 378 leaves):
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1

4c2f (-1+Secle+fx])*/c-cSec[e+fx]
-ij(e+fx)

ate : Csc[g} Sec[1 (e+fx”3\/5ec[e+fx} (1+secle+fx])?
2 2

COS[-F—X] +jSin[f_X}) (79]'leje (1+ej1e) COS[-F—X] +1 <1+e3j1e)
2 2 2

e 2 (—1+eie)

cos[ 27X “seesin] X voeriesin[ X csin[ 2] eresin 22X ) /
2 2 2 2 2
(e+f x) .
(16\/Sec[e+-Fx] )+3 \/ﬁ Log 1 el mfx)} i
1+e e+-Fx

. . e 1 4 1
Log[1+e! &F¥ ++/2 \/m]) Sin[—]sin[= (e+fx)] | Tan[ = (e+fx)]

2 2 2

Problem 78: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+asecle+fx])? 4
X

(c-csSecle+fx])"?

Optimal (type 3, 164 leaves, 5steps):

az Ar‘cTan[ c Tan[e+f x]
2 Jccseclerfx] (a2 +a%Sec[e+fx]) Tan[e+ fx]
- +
162 72 f 3f (c-cSec[e+fx])"?
a’Tan[e + f x] a’?Tan[e + f x]

5/2 3/2

4cf(c-cSecle+fx]) 16 c?f (c-cSec[e+fx])

Result (type 3, 486 leaves):
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(67§jL (e+fx) 1+ eZJi (e+f x)
~Log[1-el ®FX ], Log[1+e! (¢FX) +\/?\/m] Secle s fx]37?
>, re fx;,3 e fx,a 72
(a+asecfe+fx])*sin[~+ —=] Tan[—+ —] /(8f(c—c5ec[e+fx]) )+
2 2 2 2
7Cos[®] Cos[™*] 43Cot[%]Csc[®+ £X]
Secle+fx]? (a+aSec[e+fx])? 2 2 2 P

12 f 24

17Cot[§}Csc[§+fTX]3_cOt[f]cSc[ ) )
12 f 3f 24

17Csc[§} Csc[§+ ‘C—X]4Sin[‘cx} Csc[?} Csc[§+ %‘}6Sin[%’(} 7Sin[§} Sin[‘;—"]

+ —

+ “]5 43Csc[§] Csc[§+%}251n[%‘]

12 f 3f 12 f
Sin[3+-':—)(]3'Tan{g+1c—x]4 /(c—cSec[eH:x})”2
2 2 2 2

Problem 83: Result unnecessarily involves imaginary or complex numbers.

dx

JSec[eﬂcx] (a+aSec[e+1‘:x])3

vc-cSecle+ fx]
Optimal (type 3, 164 leaves, 5steps):

8+/2 a3 ArcTan [ ¢ Tan[e+fx]

A2 \/c-cSecle+fx] ] 8 a3 Tan[e + f Xx]
+
Ve f f+/c-cSecle+fx]
2a <a+aSec[e+-Fx}>2Tan[e+Fx] 4 (a®+a’Sec[e+fx]) Tan[e + fx]
+

5f+c-cSecle+fx] 3f+/c-cSec[e+fx]

+

Result (type 3, 223 leaves):
_ ( (2 i a3 <71 + e]'l (e+‘f:X)) (73 + 105 e]i (e+f x) + 190 eZ]i (e+f x) + 190 eB]i (e+f x) +
105 e4j1 (e+F x) +73 esji (e+f x) n 60\5 (1 i ezi (e+fx)>5/2 Log[l _ ei (e+'Fx)] _

602 (1+ezi(e+fx>>5/2 Log[1+ e’ (¢+F%) V2 [l 2t e ]])/

(15 (1+<e”<e*‘cx>)3f\/c—c5ec[e+fx} )]
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Problem 84: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSGC[EJHFX] (a+aSec[e+fx])3 4
X

(c-cSecle+fx])>?

Optimal (type 3, 168 leaves, 5 steps):

10+/2 a*ArcTan| ¢ Tan[e+fx] ,
V2 ~[c—cseclefx] a (a+aSec[e+fx]) Tan[e + f x]

2 f f(c-cSecle+fx])>?
10a3Tan[e + fx] 5 (a®+a’Secfe+fx]) Tan[e+fx]
cfvc-cSec[e+fx] 3cf+c-cSecle+fx]

Result (type 3, 377 leaves):

e]l (e+f x)

1.
5e 2t (e+fx) /1 + @21 (evfx)

1+ eZJi (e+f x)

Log[1-e' ®F¥ ] _Log[1+e" (e FX +\/7\/W] Sec[EJrjc—X]3
2 2
(a+asec[e+fx])3Tan[g+f—X}3 /(1‘Sec[e+1‘:x}3/2 (c—cSec[e+fx])3/2)+
2 2

[Cos[e+-Fx] Sec[g+1cfx}3 (a+asecle+fx])>
2 2

19Cos[§] Cos{%x} Cot[ﬂ Csc[§+ %"] Cos[§+ %X} Sec[e + f x]

- + +

3 f f 3f

Csc[?] Csc[§+2—x]zsin[%"] IQSin[i] Sin[fz—x]

3f

e fx,s3
Tan[7+f]
2 2

/(c—c:Sec[e+1:x1)3/2

-+

Problem 85: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+aSec[e+1‘:x])3 4
X

(c-csecle+fx])>?

Optimal (type 3, 174 leaves, 5steps):
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15 a3 ArcTan | ¢ Tanle-fx] ,
V2 Jccsecle-fx] a(a+aSecle+fx])*Tan[e+fx]
- - +
22 2 f 2f (c-cSec[e+fx])>?
5 (a®+a*Sec[e+fx]) Tan[e+fx] 15a3 Tan[e + f x]

.
4cf(c—cSec[e+1‘:x])3/2 4c2f~/c-cSecle+fx]

Result (type 3, 411 leaves):

1. (e+f x)
15 e—;l (e+f x) \/ﬁ
1+e e+'Fx
Log[l—cejL <e”:x] Log[1+e' (e+fx) +\/—\/ﬁ Sec E+7]
2
(a+asecle+fx])? Tan[g ffx}s/(4Fm(c—c5ec[e+1:x1>5/2)+
2 2
9Cos|&] cos|Ex Cot[&] cscl&+ £x
{Sec[g+f—x] (a+asecle+fx])’ H [2]7 H $ 2],
2 2 2f 4f
Cot[%] Csc[ S+ {7’(]3 +Csc[f] Csc[§+%"}251n[%"] +Csc[9] Csc[§+%"}4$in[%"] 7
2f 4f 2f
9sin[¢]sin[fx
[2] [2] Tan[EJrF—X}5 /(c—cSec[e+-Fx])5/2
2f 2 2

Problem 90: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + fx] dx
(a+asec[e+fx])c-cSecle+fx]

Optimal (type 3, 89leaves, 3 steps):

Ar‘cTan[ c Tan[e+fXx] }
2 \/c-cSecle+fx] Tan[e + f X]
- +
V2 ad/c f f(a+asSecle+fx])Vc-cSecle+fx]

Result (type 3, 204 leaves):

—([]l (_1+ezi (e+fx)> [,\/7 (1+e2]'1 (e+1¢x)) + (1+ei (e+fx)> 1+e2]i (e+f x) Log[l_ei (e+fx)] _

<1+<Ei (e+~Fx)> [1+e21'1 (e+f x) Log[lJre]i (e+f x) +\/? /1+e2]'1 (e+f x) ])]/

(\/Ta (1+e“<e*“))2f(1+Sec[e+fx1) Jc-cSecle + fx] ))

| 23
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Problem 91: Result unnecessarily involves imaginary or complex numbers.

J Sec[e + f x] dx
(a+asSecle+fx]) (c-cSec[e+fx])*?

Optimal (type 3, 122leaves, 4 steps):

3 Ar‘cTan[ c Tan[e+fx]

A2 \/c-cSecle+fx]
4+/2 ac??f

3Tan[e + f x] Tan[e + f Xx]
+
”3/2

4af (c-cSecle+fx

f(a+aSec[e+fx]) (c-cSecle+fx])>?

Result (type 3, 220leaves):
—( e 2t (X csc|2 (e+fx”
(3—8«;1 (@rfX) _ g o3 (erfx) , g8i (erfx) _ 5 oot (e5FX) (_4+3\/7 [1, o2t (evfx)
Log[liei(e+fx)]73,/2 /1+e2j(e+~Fx) Log[lJr(EJi(e+~Fx)Jr /2 /1+e2j(e+~Fx) ])

/(8acf\/c—c5ec[e+Fx] )J

Sin[1 (e+fx)]sin[e+fx]
2

Problem 92: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + f x] dx
(a+asecle+fx]) (c-cSec[e+fx])>?

Optimal (type 3, 156 leaves, 5 steps):

15 ArcTan| ¢ Tanfefx.
A2 [ c-cSec[e+fx] 5Tan[e + f X]
- - +
32+/2 ac’/2f 8af (c-cSecle+fx])®>?
Tan[e + f Xx] 15Tan[e + f x]

f(a+asecle+fx]) (c-cSec[e+fx])>? . 32acf (c-cSecle+fx])*?

Result (type 3, 441 leaves):
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' (efx) e fxp2
15¢ 2" (&0 A1 (efx) cos| —+ —

1+e e+fX

LOg[lfejL (e+fx)] _ LOg[1+(Ej (e+f x) +\/? l1+9211 (e+f x) ]

e fx
Sec[e+fx]7/zsin[7+f}5 /

2 2
(4F(a+a$ec[e+fx]) (c—cSec[e+Fx])5/2>+ Cos[3+f—x]25ec[e+fx]4
2 2
_3Cos[§] Cos[%"} ) 15Cot[5] Csc[§+‘c7x] _Cot[g]CscEJr%X}3 _25ec[§+f7x] )
2f 4t 2 f f

15Csc[§}€sc[§ 2] Sln[%} (:sc[z}Csc[g ‘cx]4sin[‘cx} BSin[ﬂSin[‘;—x]
+ +

4f 2f 2f

sin[ 2. TX)°

/((a+a$ec[e+-Fx]) (c—cSec[e+Fx1>5/2)
2 2

Problem 97: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + fx] dx
(a+asecle+fx])*Vc-cSec[e+fx]

Optimal (type 3, 138 leaves, 4 steps):

Ar‘cTan[ c Tan[e+fXx]
/2 \/c-cSecle+fx] Tan[e + f X]
- + +
2+/2 a2+/c f 3f (a+aSec[e+fx])?Vc-cSecle+fx]

Tan[e + f X]

2f (a?+a*secle+fx]) Vc-cSec[e+fx]

Result (type 3, 296 leaves):
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20 3t (e Cos[1 <e+fx)]
2

e]i (e+f x)

" COS[E<e+fx)]3(5\/?(1+ei(e+fx))+3 14 @21 (e+fx) Log[l—e“e”c)‘)}f
1+e°t e 2

3 /1+e2j1(e+fx) Log[lwei (e+fx)+ﬁ /1+(eZJi(e+-Fx) ]] +e§i(e+fx) Sec[e+-Fx] _
<e+-Fx>]/

1 +f x) 1 2 i
7ex' T cos[ = (e+fx)] Secle+Ffx] |Secle+Ffx]*2sin|
2

N |

(3a2f (1+Secfe+fx])?+c-cSec[e+fx] )

Problem 98: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + fx]

(a+asecle+fx])? (c-cSecle+Ffx])>?

Optimal (type 3, 169leaves, 5 steps):

5Ar-cTan[ c Tan[e+f x] }
V2 +/c-csecle+fx] S5Tan[e + f X]
- - +
8+/2 a2c¥2f 8a’f (c-cSecle+fx])>?
Tan[e + f X] 5Tan[e + f x]
+

3f (a+aSec[e+fx])? (c-cSec[e+fx])>? 6f (a2+a’Secle+fx]) (c-cSec[e+fx])>?

Result (type 3, 395leaves):
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(e+f x)
_ 56*31'1(6”:)() /1 (e+fX) (Cog S+-FX 4

1+e e+1cx

LOg[lfejL (e+fx)] 7L0g[1+<ejl (e+f x) +\/? l1+621 (e+f x) ]

e fx
Sec[e+fx]7/2sin| — + 7}3 /
2 2

2

(f (a+asec[e+fx])

(c—cSec[e+fx}>3/2)

26Cos[§] Cos[%"] Cot[®] Csc|

3f f 3f

e fx.a 4
Cos[—+ —] Sec[e+fx]
2 2

25ec[§+fx]3 Csc[i]Csc[i 1CTX]ZSin[%(] Zssin[i}sln[%]

* +
3 f 3f
Sln[g+—fx]3 /((a+a5ec[e+fx])2 (c—cSec[e+fXJ>3/z>
2 2

Problem 99: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e + f X]

J dx

(a+asecle+fx])? (c-cSecle+fx])*?
Optimal (type 3, 203 leaves, 6 steps):

35 Ar‘cTan[ c Tan[e+f x] ]

A2 4/ c-cSecle+fx] 35Tan[e + f x]
- - +
64/2 a2 c5/2f 48 a2 f (c - cSec[e+fx])*?

Tan[e + f Xx]

.
3f (a+aSec[e+fx])? (c-cSecle+fx])>?

7 Tan[e + f x] 35Tan[e + f x]

6f (a®+a2Sec[e+fx]) (c-cSecle+fx])>? 64a2cf (c-cSecle+Ffx])>?

Result (type 3, 465 leaves):
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. e fx,a
1+ g2t (erfx) COS[—+—}

2 2

35 e—%]’l (e+f x)

LOg[lfejL (e+fx)] _ LOg[1+<ei (e+f x) +\/? l1+6211 (e+f x) ]

e fx
Sec[e+fx]9/zsin[7+f}5 /

2 2
(4f(a+aSec[e+fx])2(c,csec[e+fx])5/z)+
43Cos[2] Cos[®%] 19cCot[e]|cCsc[e+ X
Cos[g+3]48ec[e+fx]5 {2} [2]+ {2} [2 2]—
2 2 6f 4f
Cot|[¢] Csc[§+%"]3 ) 265ec[§+%"] +25ec[§+%"]3 _19Csc[§} Csc[§+‘;—x]25in[%]
2f 3f 3f 4f
Csc[—]Csc[§+%"] Sln[%"] 435in[§} Sin[™*] e fx.s
2f - 6f S n[;+7] /

2

((a+aSec[e+fx}) (cchec[emcx})S/z)

Problem 104: Result unnecessarily involves imaginary or complex numbers.

Sec[e + fX]
J dx
(a+asec[e+fx])’Vc-cSecle+fx]

Optimal (type 3, 181 leaves, 5steps):

ArcTan[ c Tan[e+f x]
N2 /c-csecle+fx] Tan[e + f x]
- + +
4-/2 a3+/c f 51:(a+aSec[e+fx})3\/c—cSec[e+fx}
Tan[e + f x] Tan[e + f x]
+

6a-F(a+aSec[e+-Fx})Zx/c—cSec[eJr-Fx} 4f (a®+a*secle+fx]) vc-cSecle+ fx]

Result (type 3, 334 leaves):
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1 2@7§i (e+f x

)Cos[ (e+FxH

N |

152 f (1+Sec[e+fx])>+/c-cSec[e+fx]

i (e+fXx)

¢ Cos|

N |

1+ (921'1 (e+f x)

15 /1+e2j1(e+'Fx) LOg[1+ei (e+f x) N /2 l1+(e21'1(e+fx) ]] _

3t (erFX) \/Sec[e+fx] +23 st (+F0) Cos[1 (e+fx)]2\/5ec[e+fx] -
2
1y +f x) 1 4 . 1
71e:'® Cos[ = (e+fx)| ~/Sec[e+fx] |Sec[e+fx]7?Sin[~ (e+fx)]
2 2

Problem 105: Result unnecessarily involves imaginary or complex numbers.

J Sec[e + f x] dx
(a+aSec[e+fx])? (c-cSec[e+fx])>?

Optimal (type 3, 212leaves, 6 steps):

7Ar‘cTan[ ¢ Tan.o
/2 \/c-cSecle+fx] 7 Tan[e + f x]
- +
16+/2 a3 c3/2 f 16a31c<c—cSec[e+-Fx]>3/2
Tan[e + f x] 7 Tan[e + f x]

.
5f(a+aSece+fx])? (c-cSec[e+fx])¥? 30af(a+aSec[e+fx])” (c-cSec[e+fx])>?

7 Tan[e + f x]

12f (a®+a’Sec[e+fx]) (c-cSecle+Fx])>?

Result (type 3, 417 leaves):

| 29

(e+fx)f’(37ﬁ(1+ei<e*fx>)+1s 1+e?t(@F0 og[1-et &FO] -
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X e fx,6
1+ g2t (erfx) Cos[—+ —]
2 2

1,
-7t (e+f x)

LOg[lfejL (e+fx)] 7L0g[1+<ejl (e+f x) +\/? l1+621 (e+f x) ]

e fx
Sec[e+fx]%2sin| — + 7}3 /
2 2

3
+

(f (a+asec[e+fx])

(c—cSec[e+fx}>3/2>

278 Cos|[ 2] Cos[#*] cot[%] Csc[®+ 2] 2425ec|[®+ X
C°5[3+B]65ec[e+fx]5 - {2} [2 ] ~ [2] [2 N ] . [2 . ] i
2 2 15 f f 15 f
565ec[§+f7x}3 +25ec[§+f7q5 +C5C[§] Csc[§+%]zSin[%] +27851n[§] sin[ 2]
15 f 5f f 15 f
Sln[§+f7x]3 /((a+a5ec[e+fx])3(c—cSec[e+fX}>3/z)

Problem 106: Result unnecessarily involves imaginary or complex numbers.

J Sec[e + f X] q
X

(a+aSec[e+fx])? (c-cSec[e+fx])>?

Optimal (type 3, 246 leaves, 7 steps):

63 Ar‘cTan[ c Tan[e+f x]

A2 4/ c-cSecle+fx] 21 Tan[e + f X]
128+/2 a3 c5/2 f 32a%f (c-cSec[e+fx])°>?
Tan[e + f Xx] 3Tan[e + f x]

+

+ +
5f (a+aSec[e+fx])? (c-cSec[e+fx])*?* 10af(a+aSec[e+fx])? (c-cSec[e+Ffx])>?

21 Tan[e + f x] 63 Tan[e + f Xx]

20f (a®+a’Sec[e+fx]) (c-cSecle+fx])>? 128a’cf (c-cSecle+fx])*?

Result (type 3, 487 leaves):
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(e+f x)

1y e fx 6
63e 2t (&FX) A/ 1 (e+fx) COS —+—

1+e e+‘FX

LOg[lfejL (e+fx)] _ LOg[1+<ei (e+f x) +\/? l1+6211 (e+f x) ]

e fx
Sec[e+fx]1l/zsin[7+f]5 /

2 2
(4f(a+aSec[e+fx])3(c,csec[e+fx])5/z)+
257 Cos[ 2| Cos[#%] 23cot[2] Csc[&+ £%
Cos[g+-fo]GSec[ewa]6 b {2} . 3] 13+ 5] )
2 2 10 f 4f
Cot|[¢] Csc[§+%"]3 ) 124 Sec[$ + %X} ) ZZSec[§+‘°2—X]3 _ZSec[9+%"]5 )
2f 5Ff 5 f 5 f
23Csc[§} Csc[§+‘c7] Sln[%} +Csc[§} Csc[§+f?x]4sin[%x} ) 257Sin[§} Sin[%"]
4f 2f 10 f
Sln[g+ﬂ]5 /((a+a$ec[e+FX]) (c—cSec[e+fx1>5/2)
2 2

Problem 107: Result more than twice size of optimal antiderivative.

JSGC[E-%—'FX] Va+aSec[e+fx] (c—cSeC[e+fX])5/2d1X

Optimal (type 3, 43 leaves, 1 step):

5/2

a(c-csecle+fx])”*Tan[e+fx]

3f+a+aSec[e+fx]

Result (type 3, 87 leaves):

1, 1

—c“ (5-6Cos[e+fx] +3Cos|2 (e+fx Csc|— (e+fx

2 (s scoste ) +3cos[2 [+ ]| Csc[ 2 [e ]

Sec[l(eﬂcxHSec[eﬂcx}z\/a (1+Secfe+fx]) /c-cSec[e+fx]
2

Problem 110: Result unnecessarily involves imaginary or complex numbers.

dx

JSec[eﬂcx] Ja+aSecle+fx]
Vc-cSecle+fx]

Optimal (type 3, 51leaves, 1 step):
alog[l-Sec[e+fx]] Tan[e +f x]

f/a+aSec[e+fx] vVc-cSecle+fx]

Result (type 3, 99 leaves):
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7((1'1 (-1+e' @) (2Log[1-e* Y] —Log[1+e?! (¢FX ) \/a (1+Secle+fx]) )/

((1+ei(e+fX))'F\/C—CSec[e+‘FX} ))

Problem 117: Result unnecessarily involves imaginary or complex numbers.

jSec[eJrfx] (a+asec[e+fx])>?
dx

\/c—cSec[e+Fx]

Optimal (type 3, 95leaves, 2 steps):

2a%log[l-Sec[e+fx]] Tan[e+fx] a/a+aSec[e+fx] Tan[e+ fX]
+

fa+aSec[e+fx] c-cSecle+fx] f/c-cSec[e+fx]

Result (type 3, 174 leaves):

(\/Ta (1+Cosfe+fx] (4Log[1-e* ®F9] -2Log[1+e*! ®F¥])) sec[e+Ffx]??

\/a (1+secle+fx]) |Cos|

N |

(e+-FxH +jSin[§ (e+-Fx)] Sin[i <e+-Fx)]

/

ej (e+f x)

(1+e* F0) | —————— f~/c-cSec[e+fx]
1+‘821(e+fx)

Problem 118: Result unnecessarily involves imaginary or complex numbers.

JSec[eﬂcx] (a+aSec[e+fx])3/2d]
X

(c-csSecle+fx])?>?

Optimal (type 3, 99leaves, 2 steps):

ava+aSec[e+fx] Tan[e+fx]

a’log[l-Sec[e+fx]] Tan[e + f x]

1C(c7cSec[e+'Fx})3/2 cfva+aSec[e+fx] vc-cSecle+fx]

Result (type 3, 134 leaves):
—([a (2-2Log[1-e' & F¥ ] +
Cos[e+fx] (2Log[1-e' ®F ] —Log[1+e?* ®FO]) 4 Log[1+e2t (& FX])

\/a (1+secle+fx]) Tan{%(eﬂcx)] /(cf(—1+Cos[e+fx])\/c—cSec[e+fx] )J

Problem 126: Result more than twice size of optimal antiderivative.

JSec[ewa} (a+aSec[e+-Fx})5/2\/c—c5ec[e+fx] dx

Optimal (type 3, 43 leaves, 1step):



Mathematica 11.3 Integration Test Results for 4.5.2.3 (g sec)”p (a+b sec)”~m (c+d sec)”™n.nb | 33

c (a+aSec[e+-Fx])5/2

Tan[e + f X]

3f+/c-cSecle+fx]
Result (type 3, 88leaves):
1, 1
—a“Cot|— (e+fx
Lot (o))
Sec[e+fx]2\/a (1+secfe+fx]) Vc-cSec[e+fx]

2
2+4Cos[e+fx] +Cos[e+fx]?Sec| (e+-Fx>]

N |

Problem 127: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

JSec[eﬂcx] (a+asec[e+fx]) 5
X

vc-cSecle+ fx]

Optimal (type 3, 141 leaves, 3 steps):
43a%Llog[l-Sec[e+fx]] Tan[e +fx]

+

fa+aSec[e+fx] Vc-cSecle+fx]

2a?~/a+asSecle+fx] Tan[e+fx] a(a+aSec[e+fx])*?

+

f/c-cSecle+ fx] 2f+/c-cSec[e+fx]

Tan[e + f Xx]

Result (type 3, 328 leaves):

) 1 i (e+fx))2
4+/2 e%l(EJr'FX) \/(Jrez(ef? (2 Log[l—ej‘ (e+fx)} 7L0g[1+621(e+4x)}>
1+ et (847X

f x
V'S f 1+S f /254 €, Ix
ec[e+ fX] (a( +Sec[e+ x])) 1n[2+ 2}/

ei (e+f x)

(1+e terFx) : f(1+Secle+fx])>?/c-cSecle+fx] |+
1+(6211(e+1cx)

[Sec[e+fx] \/(1+cO5[e+fx}) Secle+fx] (a(1+Sec[e+Ffx]))>?

/

55ec{§+ %X} Cos[%
+

2 f f

+ 2] secle + fx] e fx
2 Sin{*+f]
2 2

((1+Sec[e+fx])5/2\/c—cSec[e+fx] )
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Problem 128: Result unnecessarily involves imaginary or complex numbers.

5/2

JSGC[EJHFX] (a+aSec[e+fx]) s
X

(c-cSecle+fx])>?

Optimal (type 3, 145leaves, 3 steps):

a(a+aSec[e+fx])*?Tan[e+fx]

f (c-cSecle+fx])>?

4a%Log[l-Sec[e+fx]] Tan[e +fx] 2a2+/a+aSec[e+fx] Tan[e +fx]

cfva+aSec[e+fx] Vc-cSec[e+fx] cf+/c-cSecle+fx]
Result (type 3, 188 leaves):
[az (1-4Log[1-e'®F¥ ] +Cos[e+fx] (-5+8Llog[1-e* ®F¥]| 4Log[1+e2!(&FO])

2log[1+e?t @ F¥ ] 1 Cos[2 (e+fx)]| (-4Log[1-e' ©FV ] +2L0g[1+e? &FO]))

/

Secle + f X] \/a (1+secle+fx]) Tan[1 (e+fx)]
2

(c-F(—1+Cos[e+Fx]) vc-cSecle+ fx] )

Problem 129: Result unnecessarily involves imaginary or complex numbers.

]>5/2

Sec[e+fx] (a+aSec[e+fx
J dx

(c-cSecle+fx])°>?

Optimal (type 3, 145leaves, 3 steps):

3/2

a(a+asSecle+fx])**Tan[e+fx]

2f (c-cSec[e+fx])>?

a2+/a+aSec[e+fx] Tan[e + fx] a®log[l-Sec[e+fx]] Tan[e + f x]
+

c2f+/a+aSec[e+fx] Vc-cSec[e+fx]

cf (c-cSecle+fx])>?

Result (type 3, 182leaves):
- ( [a2 (4-6Log[1-e' ®F¥ ] +Cos[e+fx] (8Log[1-e' ®F¥ ]| _4log[1+e?! (&F]) 4

3log[1+e?! (®F¥] s Cos[2 (e+fx)] (-2Log[1-e’ @] i Log[1+e?® (@FX]))
1
2

\/a (1+secfe+fx]) Tan[= (e+fx)]

/(Zczf(—1+Cos[e+1:x1)Zx/c—cSec[eH:x] )]

Problem 133: Result unnecessarily involves imaginary or complex numbers.

5/2

JSec[eﬂcx] (c-csec[e+fx]) 5
X

va+aSec[e+fx]

Optimal (type 3, 139leaves, 3 steps):
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4c3log[l+Secle+fx]] Tan[e + fx]

fia+aSec[e+fx] Vc-cSecle+fx]

3/2

2c2+/c-cSec[e+fx] Tan[e+fx] c(c—cSec[e+-Fx]) Tan[e + f x]

f/a+aSec[e+fx] 2f+/a+aSec[e+fx]
Result (type 3, 141leaves):
c2Cot[l (e+fx)] (1-6Cos[e+Ffx]+8Log[l+e" &F]+

2
Cos[2 (e+fx)]| (8Log[1+e! ®F¥ ]| —dLog[1+e?* @FO]) —alog[1+e?* (&F¥])

/(Zf\/a (1+sec[e+fx]) )

Sec[e+fx]*+vc-cSec[e+fx]

Problem 134: Result unnecessarily involves imaginary or complex numbers.

3/2

dx

JSec[eﬂcx] (c-csec[e+fx])

\Ja+aSec[e+fx]

Optimal (type 3, 94 leaves, 2 steps):

2c?log[l+Sec[e+fx]] Tan[e + fx] cVc-cSec[e+fx] Tan[e+fXx]

f+/a+aSec[e+fx] Vc-cSec[e+fx] f/a+aSec[e+fx]
Result (type 3, 173 leaves):
(e+-Fx>]Cot[§<e+-Fx)]
(-1+Cos[e+fx] (4Log[1+e’ ®FY] _21l0g[1+e? ®F¥])) secle+fx]*>/c-cSecle+fx]

)/ (2 (1+<e“e*f"))f\/a (1+sec[e+fx]) )

c e—Z]‘L (e+f x) <1 . ezj (e+~Fx)>2cos[

N | R

(Cos[% (e+fx)] +JiSin[§ (e+fx)]

Problem 135: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e+fx] Vc-cSec[e+Tfx]
J dx

va+aSec[e+fx]

Optimal (type 3, 50leaves, 1 step):
clLog[l+Sec[e+fx]] Tan[e +fx]

fi/a+aSec[e+fx] Vc-cSec[e+fx]

Result (type 3, 118leaves):

1+ eZJi (e+f x)

1 i (e+fx))2
i (140t (ef0) \/ c(-1+e ) (2Log[1+ el T _Log[1+e2t (e F0]) /

((—1+eﬁ<e*”>) -F\/a (1+secle+fx]) )
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Problem 136: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e + f x]

dx

J\/a+aSec[e+-Fx} vc-cSecle+ fx]

Optimal (type 3, 47 leaves, 2 steps):
ArcTanh[Cos[e+fx]] Tan[e + f x]

fia+aSec[e+fx] Vc-cSec[e+fx]
Result (type 3, 115leaves):

—([21‘1 (-1+et () Cos[l (e+-FxH2 (Log[1-e* @] _Log[1+e! (®F¥]) sec[e +fx]
2

/

((1+ei(e+fx)> -F\/a (1+secle+fx]) c-cSec[e+fx] )]

Problem 137: Result unnecessarily involves imaginary or complex numbers.

Sec[e + f x]

dx

J\/a+aSec[e+-Fx} (c-csecle+fx])>?

Optimal (type 3, 95leaves, 3 steps):
Tan[e + f x] ArcTanh[Cos[e + fx]] Tan[e + f Xx]

2f\a+aSecle+fx] (c-cSecle+fx])*? 2cfva+aSecle+fx] +/c-cSec[e+Fx]

Result (type 3, 129 leaves):
((-1-Log[1-e'®F¥ ] +Cosle+fx] (Log[l—ej @f0] —Log[1+e! ®FY]) + Log[1+e <e*f")])

Tan[e+fx])/(2cf(—1+Cos[e+-Fx]) \/a (1+secle+fx]) c-cSec[e+fx]

Problem 138: Result unnecessarily involves imaginary or complex numbers.

Sec[e + fX]

dx

J\/a+aSec[e+1°x1 (c-csecle+fx])®>?

Optimal (type 3, 140leaves, 4 steps):

Tan[e + f Xx]

4f\a+asSece+fx] (c-cSecle+fx])*?

Tan[e + f X] ArcTanh[Cos[e+fx]] Tan[e + f x]

a4cf-/a+aSec[e+Ffx] (c-cSec[e+fx])>? 4ac2fa+asSecle+fx] /c-cSec[e+fx]

Result (type 3, 176 leaves):
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((4+3Log[1-e"®F¥ ]| +Cos[2 (e+fx)] (Log[1-e' Y| -Log[1+e =T ]) -
3log[1+e! @] 4+ Cos[e+fx] (-6-4Log[l-e' *F¥ ] +aLog[1+e’ & FY]))

Tan[e+-Fx])/(8c2f(—1+Cos[e+-Fx])2\/a (1+secle+fx]) \/c—cSec[e+fx])

Problem 139: Result unnecessarily involves imaginary or complex numbers.

]>5/2

Sec[e+fx] (c-cSec[e+fx
J dx

(a+asSecle+fx])>?

Optimal (type 3, 142leaves, 3 steps):
4c3Llog[l+Sec[e+fx]] Tan[e + fx]

+

afva+aSec[e+fx] Vc-cSec[e+fx]

2c2\/c-cSecle+fx] Tan[e+fx] ¢ (c-cSecle+fx])*?

.
af+a+aSec[e+fx] f (a+aSec[e+fx

Tan[e + f X]

])3/2

Result (type 3, 183 leaves):

—([CZCot[1 (e+fx)]
2
(-1+4Log[1+e* ®FY] s Cos[e+Ffx] (-5+8Llog[l+e’ ®FO] —aLlog[1+e?! (&FO]) 4

Cos[2 (e+fx)]| (4Log[1+e' ®F¥]| —2L0g[1+e? ®FO]) - 210g[1+e?" (¢FX])

/(a1c (1+Cos[e+fx]) \/a (1+secle+fx]) ))

Sec[e+fx] Vc-cSec[e+fx]

Problem 140: Result unnecessarily involves imaginary or complex numbers.

3/2

JSec[eﬂcx] (c-cSecle+fx]) 5
X

(a+asSec[e+fx])>?

Optimal (type 3, 95leaves, 2 steps):

c?log[l+Sec[e+fx]] Tan[e + fx] c/c-cSec[e+fx] Tan[e+ fX]
+

afva+aSec[e+fx] v/c-cSec[e+fx] f (a+aSec[e+fx])>?

Result (type 3, 132leaves):

i

cCot[1 (e+Fx)] (-2+2Log[1+e! &FX]
2

Cos[e+fx] (2 Log[1+e! ®F¥ ] - Log[1+e?! <e*‘cx)]) - Log[1+e?* (e*f’o])

vc-cSecle+ fx] )/ (a-F(1+Cos[e+fx]) \/a (1+sec[e+fx]) ))

Problem 142: Result unnecessarily involves imaginary or complex numbers.

Sec[e + f x]
j dx
(a+asecle+fx])*?/c-cSec[e+Fx]
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Optimal (type 3, 95leaves, 3 steps):

Tan[e + f X] ArcTanh[Cos[e + fx]] Tan[e + f X]

2f (a+aSec[e+fx])*?/c-cSec[e+fx] 2afa+aSecle+fx] /c-cSec[e+Fx]

Result (type 3, 129 leaves):
((-1+Log[1-e'®F¥ ] +Cos[e+Ffx] (Log[1-e' TV ] -Log[1+e! ®FY]) -Log[1+e (¢F¥])

Tan[e+fx])/ (Zaf (1+Cos[e+fx]) \/a (1+secfe+fx]) /c-cSec[e+fx]

Problem 143: Result unnecessarily involves imaginary or complex numbers.

Sec[e + fx]
J dx
(a+asecle+fx])>? (c-cSecle+Ffx])>?

Optimal (type 3, 104 leaves, 3 steps):

Cscle+fx] ArcTanh[Cos[e+ fx]] Tan[e + f Xx]

2acf+/a+aSec[e+fx] Vc-cSec[e+fx] 2acf+a+aSec[e+fx] vc-cSecle+Fx]

Result (type 3, 89leaves):

Cscle+fx] + (Log[1l-e! (¥ ] _Log[1+e! ¢F¥]) Tan[e + fx]

2acf\/a (1+secle+fx]) vc-cSecle + fx]

Problem 144: Result unnecessarily involves imaginary or complex numbers.

Sec[e + fX]
J dx
(a+asecle+fx])*? (c-cSecle+fx])*?

Optimal (type 3, 146 leaves, 4 steps):
3Cscl[e+fX]

8ac2f+a+asSecle+fx] c-cSec[e+fx]

Tan[e + f x] 3 ArcTanh[Cos[e+fx]] Tan[e + f X]
4f (a+asece+fx])>? (c-cSecle+fx])>?

8ac2f+/a+aSec[e+fx] vc-cSecle+fx]

Result (type 3, 243 leaves):

((—2+6L0g{1—<ejl (e*fx)] +3Cos[3 (e+'FXH Log[l_(ejl (e“cX)] _
2Cos[2 (e+fx)] (5+3Log[1-e! @] _3Log[1+e! (@FM]) -
6Llog[1+e* ®F¥] _3Cos[3 (e+fx)] Log[l+e® ¥ ]+

Cos[e+fx] (4-3Log[1-e' ®F] +3Log[1+e @F])) Tan[e+-Fx])/

(32ac21‘:(—1+Cos[e+1‘:x])2 (1+Cos[e+fx]) \/a (1+secfe+fx]) /c-cSec[e+fx] )
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Problem 145: Result unnecessarily involves imaginary or complex numbers.

JSGC[eJr‘FX] (c—cSec[e+fx])5/2d]
X

(a+asSecle+fx])®>?

Optimal (type 3, 145leaves, 3 steps):
c3log[l+Sec[e+fx]] Tan[e + f x]

a?f+/a+aSec[e+fx] Vc-cSec[e+fx]

c2\/c-cSecle+fx] Tan[e+fx] ¢ (c-cSecle+Ffx])>?Tan[e+fx]

af (a+asecle+fx])>? 2f (a+aSec[e+fx])®?
Result (type 3, 178 leaves):
CZCot[l (e+fx)]
2

(-4+6Log[1+e* ®F¥] s Cos[e+fx] (8Log[1l+e! ®FI] —alog[1+e?t (@F¥]) ¢
Cos[2 (e+fx)] (2Log[1+e' *F¥ ]| —Log[1+e?! (*FX]) —3Log[1+e?" (=T ])

vc-cSecle+ fx] /(Zazf(1+Cos[e+-Fx] \/a 1+Sec[e+fx}>)

Problem 148: Result unnecessarily involves imaginary or complex numbers.

Sec[e + f x]
j dx
(a+asecle+fx])*?*/c-cSec[e+Fx]

Optimal (type 3, 140leaves, 4 steps):

Tan[e + f x]

+

4f (a+asec[e+fx] )5/2\/c cSec[e +fx]

Tan[e + f Xx] ArcTanh[Cos[e+fx]] Tan[e + f X]

4af (a+asecle+fx] )3/2\/c cSec[e+fx] 4a’f-+/a+aSec[e+fx] c-cSecle+fx]

Result (type 3, 176 leaves):
((-4+3Log[1-e'®F¥ ] +Cos[e+fx] (-6+4Log[1-e @FY] —dLog[1+e! @F]) 4
Cos[2 (e+fx)]| (Log[1-e* ®F¥ ] —Log[1+e’ ®FO]) -3 Log[1+e! ®FV]) Tan[e + fx] )/

(Sazf (1+Cos[e+-Fx])2\/a (1+secfe+fx]) c-cSec[e+fx] )

Problem 149: Result unnecessarily involves imaginary or complex numbers.

Sec[e + f x]
J dx
(a+asecle+fx])*? (c-cSecle+fx])*?

Optimal (type 3, 146 leaves, 4 steps):
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3Cscl[e+fX]

+

8a2cf+a+aSec[e+fx] vc-cSecle+fx]
Tan[e + f Xx] 3 ArcTanh[Cos[e+fx]] Tan[e + f X]

4f (a+asecle+fx])”? (c-cSecle+fx])*? 8a2cfa+asecle+fx] /c-cSec[e+fx]
Result (type 3, 242 leaves):
—(((2+6Log[1—ej (£ ] _3Cos[3 (e+fx)]| Log[1-e &FO]

Cos[e+fx] (4+3Log[l-e' ¥ _3Log[1+e! ®F¥]) -
6log[1+e* ®F¥] +3Cos[3 (e+fx)] Log[1+e® @ F¥ ]+

Cos[2 (e+fx)] (16-6Log[1-e' ®F¥ ]| +6Log[1+e' (¢F¥ ) Tan[e+-Fx])/

(32a2cf(71+Cos[e+Fx]) (1+Cos[e+fx})2\/a (1+Secfe+fx]) /c-cSec[e+fx]

|

Problem 150: Result unnecessarily involves imaginary or complex numbers.

Sec[e + f x]
J dx
(a+aSec[e+fx])*? (c-cSecle+fx])*?

Optimal (type 3, 160 leaves, 4 steps):
3Cscle+fXx]

8a2c2f+/a+asSec[e+fx] Vc-cSecle+fx]
Cot[e+fx]2Cscle+fx] 3 ArcTanh[Cos[e+f x]] Tan[e + f X]

4a2c2f+Ja+aSecle+fx] Vc-cSec[e+fx] 8a*c2f+a+aSec[e+fx] Vc-cSec[e+fx]
Result (type 3, 105leaves):

((1-5Cos[2 (e+fx)]) Cscle+Ffx]>+6 (Log[1-e’ TV ] _Log[1+e! (¢FX]) Tan[e+fx])/

(16a2c2f\/a (1+sSecfe+fx]) vc-cSecle+ fx]

Problem 151: Unable to integrate problem.

JSGC[E-%—'FX] (a+asecle+fx])" (c-cSec[e+fx])"dx

Optimal (type 5, 101 leaves, 3 steps):

1 1 . 1 1 3
- —— 22 cHypergeometric2Fl [ —+m, —-n, —+m,

1+Sec[e+fx
f(1+2m) 2 2 2 (2 e ]H

N |

(1fsec[e+1‘x])2"" (a+asec[e+fx])" (c-cSec[e+Ffx]) " Tan[e +fx]
Result (type 8, 34 leaves):

JSec[ewa} (a+asec[e+fx])" (c-cSecle+fx])"dx
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Problem 154: Unable to integrate problem.

jSec[eJrfx] (a+asecfe+fx])" 4
X

c-cSecl[e+fXx]

Optimal (type 5, 90leaves, 3 steps):

1im . 1 1 1 1
—([22 aHypergeometric2F1[- =, ~—-m, =, — (1—Sec[e+fx]”

2 2 2 2
/(-F (c-csecle+fx]))

m -1+m

<1+Sec[e+fx])§’ (a+asec[e+fx]) Tan[e + f x]

Result (type 8, 34 leaves):

JSec[eﬂcx] (a+asec[e+fx])" 4
X

c-cSec[e+fXx]

Problem 155: Unable to integrate problem.

JSec[eﬂcx] (a+asecfe+fx])" 4
X

(c—cSec[eM‘:x])2
Optimal (type 5, 92 leaves, 3 steps):

. ) 3 11
- ((22 aHypergeometric2F1[- =, —-m, - —, — (1-Sec[e+fx]) ]
2 2 2

/(3-F(c—cSec[e+fx}>2)]

1
(1+Secfe+fx]):" (a+aSece+fx]) ™" Tan[e+fx]

Result (type 8, 34 leaves):

JSec[e+fx] (a+asec[e+fx])" 4
X

(c-csecle+fx])?
Problem 156: Unable to integrate problem.
JSeC[eH‘XJ (a+asSecfe+fx])" (c-cSecle+Ffx])>?dx

Optimal (type 3, 160 leaves, 3 steps):

64 c® (a+aSec[e+fx])"Tan[e + fx]

f(5+2m) (3+8m+4m?) /c-cSec[e+fx]

16 2 (a+aSec[e+fx])m\/c—cSec[e+-Fx] Tan[e + f x]

f (15+16m+ 4m?)
2c (a+aSec[e+fx])" (c-cSec[e+fx])>*Tan[e+fx]

f(5+2m)

Result (type 8, 36 leaves):
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JSec[ewa} (a+asSec[e+fx])" (c-cSecle+Ffx])>?dx

Problem 157: Unable to integrate problem.

JSEC[E-%—'FX] (a+asecfe+fx])" (c-cSecle+Ffx])>?dx

Optimal (type 3, 100leaves, 2 steps):

8c? (a+asecle+fx])"Tan[e+fx] 2c(a+aSec[e+fx])"/c-cSec[e+fx] Tan[e+fx]

f(3+8m+4am?) Jc-cSecle+ fx] f(3+2m)

Result (type 8, 36 leaves):

JSEC[E-%—'FX} (a+asecle+fx])" (c-cSecle+Ffx])>?dx

Problem 158: Unable to integrate problem.

JSec[eJrfx} (a+asecle+fx])"Vc-cSec[e+fx] dx

Optimal (type 3, 46 leaves, 1step):

2c (a+aSecle+fx])"Tan[e+fx]

f(1+2m) /c-cSec[e+fx]

Result (type 8, 36 leaves):

JSGC[E-%—'FX] (a+asecle+fx])"+/c-cSecle+fx] dx

Problem 159: Unable to integrate problem.

jSec[eJrfx] (a+asecfe+fx])" 4
X

\Jc-cSecle+fx]
Optimal (type 5, 69 leaves, 2 steps):

, 1 3 1 .
7([Hyper‘geometr‘1c2F1[1, —+m, —+m, — (1+Sec[e+fx])| (a+aSec[e+fx])"Tan[e+fx]
2 2 2

/

(F (1+2m) v/c-cSec[e+fx] )]

Result (type 8, 36 leaves):

JSec[e+fx] (a+asec[e+fx])" 4
X

vc-cSecle+ fx]
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Problem 160: Unable to integrate problem.

jSec[eJrfx] (a+asecfe+fx])" 4
X

(c-cSecle+fx])>?

Optimal (type 5, 74 leaves, 2 steps):

, 1 3 1 .
- ([Hyper‘geometchFl[z, —+m, —+m, — (1+Sec[e+fx])]| (a+aSec[e+fx]) Tan[e+fx})/
2 2 2

(2c-F(1+2m) vJc-cSecle+ fx] )J

Result (type 8, 36 leaves):

JSec[eﬂcx] (a+asecle+fx])" 4
X

(c—cSec[e+1‘x])3/2

Problem 161: Unable to integrate problem.

JSec[eﬂcx] (a+asecle+fx])" 4
X

(c-cSecle+fx])°?

Optimal (type 5, 74 leaves, 2 steps):

1 3
- ( [Hyper‘geometricZFl (3, =+m, =+m,
2 2

N |

(1+Secle+fx])] (a+aSec[e+fx})’"Tan[e+1‘x})/

(4c2f (1+2m) v/c-cSecl[e+fx] ))

Result (type 8, 36 leaves):

JSec[eﬂcx] (a+asec[e+fx])" 4
X

(c-csecle+fx])>?

Problem 162: Result unnecessarily involves imaginary or complex numbers.

JSEC[E-%—'FX} (a+asecle+fx])" (c-cSecle+Ffx]) > "dx

Optimal (type 3, 169 leaves, 3 steps):

a+asSecle+fx])" (c-cSecle+fx])>"Tan[e + f x]
( )" ( )

f(1+2m)

+

2 (a+aSec[e+fx1)1*m (c—cSec[e+fx])’3""Tan[e+fx]

af (3+8m+4m2)

2 (a+aSec[e+fx1)2+"' (c—cSec[e+fx])'3""Tan[e+fx]

a2 f (1+2m) (15+16m+4m2)

Result (type 3, 321 leaves):
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1
(—1+<eiL (e*‘cx)>5f (1+2m) (3+2m) (5+2m)

“Li (e+fx i -2m i el (erfx) -
j 23+m (_]-]_(e S ) (_1+en (e+1’x)>) <1+en (e+‘Fx)) ( ]
)

1+ eZi (e+f x
m

1 i (e+fx) )2
(M) (7+12m+dm-4e' ©F0 (3.2m) —4e3t ©F) (3.2m) 4

1+ eZ]‘L (e+f x)

et PO (7 12mam?) + e (T (224 24m+ 8m?) ) Sec[e+f x>

1+Secle+fx]) ™ (a(1+Secle+fx]))" (c-cSecle+fx])>"sin e, fxy20m
2 2

Problem 163: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

jSec[eJrfx} (a+asecle+fx])" (c—cSec[e+fx])'2'"'dlx

Optimal (type 3, 104 leaves, 2 steps):

(a+asSec[e+fx])" (c-cSec[e+Ffx])*"Tan[e+fx]

f(l+2m)

+

(a+asSec[e+fx])¥" (c-cSecle+fx])?"Tan[e+fx]

af (3+8m+4m2)

Result (type 3, 250leaves):

m
-2m

j 23+m (_iefgi(eﬂ:x) (—1+<ej‘ (e+fx)>) <1+ei (e+fx)> (:I_-;.(ejl (e+fx)>2

1+ e2]'1 (e+f x)

el (e+fx) -m
) )

1+ eZJ'l (e+f x

(1-e* @0 ims et eF0 (1.m)) Secle+Ffx]>™ (1+Secle+Ffx]) ™" (a(1+Secle+Ffx]))"

/((71%“““))3{ (1+2m) (3+2m))

(Cchec[e+fx1)*2*'“Sin[1 <e+fx)]2(2+m)

2

Problem 164: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eJrfx} (a+asecle+fx])" (c-cSecle+Ffx])  "dx
Optimal (type 3, 47 leaves, 1step):

(a+aSec[e+fx])" (c-cSec[e+Ffx]) *"Tan[e+fx]

f(l+2m)

Result (type 3, 208 leaves):
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_ 1
f+2fm

ei (e+f x) -m
) J

1.
21+m e*ZI (e+f x) (—]ie 3

1. -1-2m
-2 (e+fx) (71 el (e F ) ))

(1 + e]i (e+-Fx)>

(1+ e]i (e+‘FX)>2

1+ eZ]'l (e+f x)

m
] Sec[e+fx]™™" (1+Sec[e+fx])™"

1+62j (e+f x

(a(1+Secle+fx]))" (C—cSec[e+-Fx])’1’”'sin[l (e+fx)]*™™

2

Problem 165: Unable to integrate problem.

JSec[emcx} (a+asec[e+fx])" (c-cSece+fx]) "dx

Optimal (type 5, 101 leaves, 3 steps):

1 - _ 1 1 3 1
- —————22 " cHypergeometric2F1[ —+m, —+m, —+m, — (1+Sec[e+fx])]
f(l+2m) 2 2 2 2

(1—Sec[e+fx])§+m (a+asecle+fx])" (c—cSec[e+-Fx])’1’mTan[e+-Fx]

Result (type 8, 36 leaves):

JSEC[E-%—'FX} (a+asecle+fx])" (c-cSec[e+fx])"dx

Problem 166: Unable to integrate problem.

jSec[eH:x} (a+asSecfe+fx])" (c-cSecle+Ffx])'™dx

Optimal (type 5, 99 leaves, 3 steps):

1 3 . 1 1 3
- —— 22 c Hypergeometric2F1 [— —+m, —+m, —+m,
f(1+2m) 2 2 2

N |

(1+Sec[e+-Fx})]

+m

(1—Sec[e+fx])’§ (a+asec[e+fx])" (c-cSec[e+fx]) "Tan[e+fx]

Result (type 8, 38 leaves):

JSec[emcx} (a+asecle+fx])" (c-cSecle+Ffx])'"dx

Problem 167: Unable to integrate problem.

JSEC[E-%—'FX} (a+asecle+fx])" (c—cSec[e+fx])2*"‘d1x

Optimal (type 5, 101 leaves, 3 steps):

1 S, , 3 13 1
- —————22 "’ Hypergeometric2F1[- = +m, —+m, —+m, — (1+Sec[e+fx])]
f(1+2m) 2 2 2 2

+m

(1—Sec[e+Fx])’§ (a+asec[e+fx])" (c-cSec[e+fx]) "Tan[e+fx]

Result (type 8, 38leaves):
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JSec[ewa} (a+asSec[e+fx])" (c-cSecle+Ffx])*"dx

Problem 168: Result more than twice size of optimal antiderivative.

JSEC[E-%—'FX}Z (a+aSec[e+1°x])3 (c-csecle+fx])dx

Optimal (type 3, 105leaves, 10 steps):

a®cArcTanh[Sin[e+fx]] a®cSec[e+fx] Tan[e+fXx]
. _

4 f 4 f
alcSec[e+fx]3Tan[e+fx] 2a’cTan[e+fx]3® a*cTan[e+fx]>
2f 3f 5f

Result (type 3, 276 leaves):

a3cLog[Cos[i (e+Fx)] —Sin[i (e+Fx)]] a3cLog[Cos[§ (e+Fx)] +Sin[§ (e+Fx)]]
. 4f : 4f )
atc alc
+ +

8f (Cos[i (e+fx)] 7Sin[§ (e+fx)])4 8 f (Cos[i (e+fx)] 7Sin[i (e+-Fx)}>2

3

alc alc

- +
8 f (Cos[i (e+Fx)] +Sin[i (e+fx)])4 8 f (Cos[i (e+Fx)] +Sin[§ (e+fx)”2
7a’cTan[e+fx] 4a’cSecje+fx]2Tan[e+fx] a’cSec[e+fx]*Tan[e +fx]

15 f 15 f 5f

Problem 171: Result more than twice size of optimal antiderivative.

JSec[e+fx]2 (c-csecle+fx]) 4
X

a+aSec[e+fx]

Optimal (type 3, 56 leaves, 5 steps):
2 cArcTanh[Sin[e+fx]] cTan[e+fX] 2cTan[e + f x]

af af f(a+asecle+fx])

Result (type 3, 154 leaves):

1 2Log[Cos[i(e+fx)]fsin[i<e+fx)H
,ac ; _
2Log[Cos[§(e+1cx)]+Sin[§(e+1‘:x)H+ Sin[%(eﬂcx)] )
f -F(Cos[i(e+Fx)]—Sin[§<e+fx)])
Sin[i(eJr-FxH 2Tan[§<e+fx)]

+

'F(Cos[i(e+fx”+sin[§(e+fx)]> f
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Problem 172: Result more than twice size of optimal antiderivative.

JSec[eJr-Fx]2 (c-csec[e+fx]) 4
X
(a+asecle+fx])?

Optimal (type 3, 70leaves, 4 steps):

c ArcTanh[Sin[e + f x]] 7cTan[e + fx] 2cTan[e + fx]
- +

azf 3aZ-F(1+Sec[e+fx]) 3-F<a+a5ec[e+fx}>2

Result (type 3, 335leaves):
1

cCos[~ (e+fx) | Sec[g]

2

N |

6a2'F<1+Sec[e+-Fx])2

3Cos|e+ 31;)(} Log[Cos[% (e+fx)] 7Sin[§ (e+fx)]]+

Sec[e+fx]?

f x

2

3Cos[2e+3 ]Log[Cos[%(e+fx)}fsin[§(e+fx)]]+
9Cos[f7x] (Log[Cos[% (e+-FxH —Sin[% (e+-Fx)H -
Log{Cos[% (e+fx)] +Sin[% (e+fx)]]|+9Cos|e+ fTX}

(Log[Cos[% (e+fx)] —Sin[% (e+fx)]] —Log[Cos[% (e+fx)] +Sin[% (e+fx)]]|-

3Cos[e+ X]Log[Cos[l(e+-FxH+Sin[l<e+fx)H—
2 2
3Cos[2e+ 3FX] Log[Cos[1 (e+fx)] +Sin[1 (e+fx)]]+
2 2
. Fx . f x . 3fx
24Sin[—| -6Sin[e+ —] +10Sin[e+ ]
2 2 2

Problem 174: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(gSec[eﬂcx])p (a+aSec[e+1‘:x])2 (c-csecle+fx])dx

Optimal (type 5, 140 leaves, 5steps):

1, 5y 2P . 3 3+p 5 . )
- —a’c (Cos[e+fx]?): Hypergeometric2F1[ =, —, =, Sin[e+fx]?]
3f 2 2

(gsecle+fx])PTan[e+fx]>- azc(Cos[e+1:x]2)A;J

3fg
3 4 5
Hypergeometric2F1[ =, ;p, =, Sinfe+ fx]?] (gSec[eJrFx])l*p Tan[e + f x]3
2 2 2

Result (type 6, 13496 leaves):

1 1
——Cos[e+fx]* (Cos[e+fx]?): (-1+p) Csc|[—+—]
32 f 2 2
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. 3+p 3 . ) e fx,a
Hypergeometric2fF1| -, , =, Sinfe+fx]?] Sec|[—+ —]
2 2 2 2 2
(gSec[e+Fx1)p(a+aSec[e+fx1)2(c-cSec[e+fx])Sin[e+Fx}+
16 f
3

4
+p, =, Sinfe +fx]?|

2
Hypergeometric2F1 [ -
2 2 2

Cos[e+fx]3 (Cos[e+Fx]2)P/2csc[7+f7X]
2 2

Sec[EJr{—X]4 (gsecle+fx])P (a+aSecle+fx])? (c-cSec[e+fx])Sin[e+Ffx] -

2 2
e fx;2 e fx,a 5 5
3Csc{;+7] Sec[;+7] Sec[e+fx] P (gSec[e+fx])P (a+aSec[e+fx])
(c-csecle+fx]) (-Sec[e+fx]*P+2Cos|2 (e+fx)|Sec[e+Ffx]?P) Tan|[= (e+fx)]
2
1+Tan[L (e+fx)]%)°
[2< )] ([4Appe11F1[1, p, 1-p, 2, Tan[l(e+fx”2,—Tan[l(e+fx)]2}
2 2 2 2

1—Tan[§ (e+Fx)]

[—1+Tan[§ <e+fx)]2J2]/ [(1+Tan[§ <e+fx)]2)

[BAppellFl[l, p,1-p, i, Tan[l (e+FxH2, —Tan[l (e+-Fx)] ] +2 [(—1+p)
2 2 2
<e+fx)]2] +pAppellF1[i,
2

3 5 1 1
AppellFl[f, p,2-p, —, Tan[f (e+fx” , —Tan[f
2 2 2 2

)

)]2, 7Tan[§ (e+fx ]2]] Tan[1 (e+fx”2)) -

5 1
1+p,1-p, =, Tan|[ = (
2 2 2

(3AppellF1[1, 1+p, -p, z, Tan[1 (e+FxH2, 7Tan[; (e+Fx)]"]

2
[71+Tan[§ <e+fx)]2)]/
1 <e+fx)]2, —Tan[l (e+fx”2] +2

1 3
(BAppellFl[—, 1+p, -p, =, Tan|
2 2 2 2
i, 1+p,1-p, 5, Tan[1 (e+fx”2, —Tan[1 (e+fx)]2} + (1+p) AppellF1|
2

(p AppellF1|

2 ]Tan{l (e+-FxH2] -

3 5 1 2 1
-5 2+p, -p, —, Tan| — (e+fXx , -Tan|— (e+fx
by b % Tan( L (e |7, <Tan[ 2 (o #x]]7) | Ton
(2Appe11F1[l,2+p, -p, i, Tan{l (e+-FxH2, —Tan[l (e+fx) | }]/
2 2 2

2 1 2
(e+fx)]", —Tan{; (e+fx)]7]+

(e+'FXH2} +

N |

1 3 1
(AppellFl[;, 2+p, -p, >’ Tan[;
z, Tan{% (e+FxH2, -Tan|

3
p AppellF1[ =, 2+p, 1-p,
2

<e+fx>m]

N |

(e+-FxH2, ~Tan|

N |

3 5
(2+p) AppellF1[ =, 3+p, -p, —, Tan|
2 2

2

Tan[% (e+fx)]2J]]/ [16-F (—1+Tan[% (e+fx)]
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1+Tan[§ (e+fx”2 P

1 1 i . 2
[_ (—1+Tan[§ (e+'FxH2)3 1zsec[2 (e+fx)] Tan[2 (e+Fx)]

1—Tan[% (eJF-FxH2

[{4AppellF1[§, p, 1-p, 3, Tan[% (e+fx)]2, 7Tan[§ (e+1‘x)}2]

(—1+Tan[§ (e+FxH2)2J/ ([1+Tan[§ (e+FxH2) (3Appe11F1[§, p, 1-p,
E, Tan[
2

N |

(e+Fx”2, —Tan[i (e+fx)]2} +2

3
(-1+p) AppellFl[g, P,

N

2-p, E, Tan[1 (e+fx)]", -Tan] (e+-FxH2] +pAppellF1[§, 1+p,
2 2 2

BN R

1-py S Tan[ (e £) ] Tan[ (e £x)J7] | Tan[ (e #x) 7] |-

[BAppellFl[i, 1+p, -p, 3, Tan[% (e+fx)]2, 7Tan[§ (e+fx)]2]

1 2 1 3 1 2
(—1+Tan[; (e+fx)] )J/ [BAppellFl[;, 1+p, -p, >’ Tan[; (e+fx)]7,

—Tan[l (e+fx)]2] +2 (pAppellFl[i, 1+p, 1-p, 5, Tan[l (e+fx”2,
2 2 2 2

3

—Tan[% (e+fx”2} +(1+p) AppellFl[z, 2+p, -p, >
Tan[% (e+1°x)]2, —Tan[l (e+-FxH2} Tan[l (e+1°x)]2) _

(e+Fx)]2]J/

(e+'FXH2} +

N

[ZAppellFl[l, 2+p, -p, i, Tan| (e+fx)]2, -Tan|
2 2

—
o
=)
NP RN

1 3
(AppellFl[g, 2+p, -p, S’ (e+fx) ]2, ~Tan]|

3
p AppellF1 [ -5 2+p,1-p,
2

-
—
Q
>

(e+-FxH2, ~Tan]

<e+fx)]2] +

N |

3 5 1 2
(2+p) AppellF1[ =, 3+p, -p, —, Tan| = (e+fx) ]|,
2 2 2

—Tan[% (e+fx)}2}) Tan{% (e+1°x)]2

+

1

(—1+Tan[i (e+-FxH2>2

1+Tan| (e+-FxH2 P

BSec[% (e+1‘x”2

N RN R —

1-Tan| (e+-FxH2

[(4AppellF1[%, p, 1-p, %, Tan[% (e+-FxH2, —Tan[% <e+fx)]2]

[—1+Tan[% (e+fx)]2]2]/ [(1+Tan[% <e+fx)]2] (3AppellF1[§, p,1-p,
2, Tan[l (e+fx)]2, —Tan[% (e+fx”2] +2

3
(-1+p) AppellFi[—, p,
2

N
(9]

1 2 1 2 3
2-p, —, Tan| — f , —Tan|— f AppellFl| =, 1+p,
p 5 an[z(e+ x)} an[z(e+ x)]}+p ppe [2 ip
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1-p, Z, Tan[i (e+'FXH2, —Tan[% (e+fx>]2} Tan[% (e+‘FxH2]) )

(BAppellFl[i, 1+p, -p, z, Tan{% (e+-FxH2, —Tan[% (e+fx)]2}

[—1+Tan[l (e+fx)]2J]/ (BAppellFl[l, 1+p, -p, i, Tan{l (e+-FxH2,
2 2 2

2
—Tan[l (e+fx>]2} +2 [pAppellFl[z, 1+p,1-p, E, Tan[l (e+-Fx)]2,
2 2 2 2
—Tan[1 (e+1:x)]2] +(1+p) AppellFl{i, 2+p, -p, E,
2 2 2
Tan[1 (e+-FxH2, —Tan[l <e+fx)]2] Tan[1 (e+fx>}2] -
2 2 2
(ZAppellFl[EJ 2+p, -p, i, Tan[E (e+-FxH2, —Tan[l (e+fx>]2})/
2 2 2 2
[AppellFl[%, 2+p, -p, 3, Tan[% (e+fx>]2, —Tan[% <e+fx)]2] +

3 5 1 2 1 2
pAppellFl[;, 2+p,1-p, S’ Tan[; (e+fx)]7, —Tan[; (e+fx)]7] +

3 5 1 2
(2+p) AppellF1[=, 3+p, -p, —, Tan| = (e+fx)]",
2 2 2

—Tan[% (e+Fx)]2]] Tan[i (e+fx)]2]) +

-1+p

1+Tan] (e+-FxH2

1
26pTan[; (e+fx)]

1
2
1
2

(71+Tan[i(e+fx”2) 1-Tan| (e+FxH2

s Tan[% (e+fx”2, 7Tan[§ <e+fx)]2]

[—1+Tan[§ (e+fx) ZJZJ/ [(1+Tan[l (e+fx)]2J

2

[—

[BAppellFl[l, p,1-p, i, Tan[E (e+-FxH2, —Tan[l (e+fx>]2} +2
2 2 2 2

(e+fx)]"] +

<e+fx)]2]]

3 5 1 2
((—1+p) AppellFl| =, p, 2-p, =, Tan|[~ <e+-Fx)] , ~Tan|
2 2 2

N |

3 5 2
pAppellFl|[ =, 1+p, 1-p, —, Tan| (e+fx” , -Tan|
2 2

N |
N |

1 2 1 3
Tan[ = (e+fx) | )) - (BAppellFl[*, 1+p, -p, =,
2 2 2

e+fx)]2, ,Tan[i (e+fx)]2] 71+Tan[§ (e+fx>}z))/

Tan[

N |
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[3Appe11F1[§, 1+p, -p, Z, Tan[% (e+fx)]2, —Tan{% (e+1cx)]2] +

3 5
2 (pAppellFl{—, 1+p,1-p, =, Tan|
2 2

N |

2 1 2
(e+fx)]", —Tan[; (e+fx)]7]+

(1+p) AppellFl[i, 2+p, -p, 5, Tan{l (e+fx”2,
2 2

2
—Tan[l(eJrfx)]z] Tan[l(ewa)]z
2 2
(ZAppellFl[E, 2+p, -p, i, Tan[E (e+-FxH2, —Tan[l (e+fx>]2})/
2 2 2 2
[AppellFl[i, 2+p, -p, 3, Tan[i (e+fx>]2, —Tan[% (e+fx)]2] +
pAppellFl[i, 2+p,1-p, E, Tan[1 (e+-Fx)]2, —Tan[l (e+FxH2} +
2 2 2 2

3 5 1 2
(2+p) AppellF1[=, 3+p, -p, —, Tan| = (e+fx)]",
2 2 2

_Tan[%(e+FX)]2]JTan[§<e+fx>]zJ .
11 " 26Tan[%(e+fx>} [1+Tan[%(e+fx”2 P
(_1+Tanb(e+fxﬂ> 17Tan[;(e+fx”

1 3 2
[— [(4Appe11F1[2, P, 1-p, . Tan[~ (e+fx)]|", -Tan|

(e fx) "]
Sec[% (e+-FxH2Tan[§ (e+fx)] (—1+Tan[§ (e+FxH2)2]/
[(1+Tan[

—Tan[% (e+fx”2} +2

N |

1
2

N |

2)2 1 3 1 2
(e+-Fx)] ) [BAppellFl[g, p,1-p, S’ Tan[; (e+-FxH s

%]

3
(-1+p) AppellFi[ =, p, 2-p, —,
2 2

Tan| ~ (e+-FxH2, —Tan[l <e+fx)]2] +pAppellF1{i, 1+p,1-p,
2 2 2

SoTan [~ (exfx] 1%, <Tan[ (e #)|°] | Tan[ (e £ |+

2 2
(SAppellFl[g, p,1-p, z, Tan[% (e+fx)]2, 7Tan[§ (e+FxH2]

/

1 3 1 2
~,p,1-p, =, Tan[ = (e+fx)]",
2 2 2
3
(-1+p) AppellFi[ =, p, 2-p,
2
1 2 1 2
Tan[ = (e+fx)]", —Tan[; (e+fx)]"] +pAppellFi|
2

Sec[% (e+FxH2Tan[§ (e+fx)] (71+Tan[§ (e+FxH2]

[(1+Tan[§ (e+fx) ]2) [BAppellFl[

—Tan[% (e+fx”2} +2

2

)1+P:1—P;

N jw N,

2 tan [~ (e ] %, Tan[~ (e #x)]7] | Tan[ > (e #x)]7) |-
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1 3 5 1 2 1 2
4 1 -—(1- A 11F1|—, p, 2-p, —, T — f , =T - f
( ( 3( p) Appe [2 P Py an[z(e+ x) | an[z(e+ x)]7]

1 2 1 1 3 5
Sec[~ (e+fx)| Tan|= (e+fx) |+ =~ pAppellF1[ =, 1+p, 1-p, —,
2 2 3 2 2

Tan[l (e+fx)]2, —Tan[% (e+fx”2} Sec[% (e+1cx”2Tan[l (e+fx)]

2 2
2
[—1+Tan[1 (e+fx)]2 ]/ [(1+Tan[1 (e+fx)]2] (3AppellF1[E, P,
2 2 2
1-p, i, Tan[l (e+fx)]2, —Tan[l (e+fx”2] +2 ((—1+p) AppellFl[i,
2 2 2 2
2-p, 5, Tan[1 (e+fx)}2, —Tan[1 (e+fx)]2} +pAppe11F1[i, 1+p,
2 2 2 2

1-p, z, Tan[— (e+'FXH2, —Tan[% (e+fx>]2}] Tan[% (e+'FxH2]) )

(e+fx”2, —Tan[% (e+fx)]2}

[BAppellFl[i, 1+p, -p, 3, Tan| <e+fx)]2, ~Tan]| (e+Fx)]2] +

N |

2(pAppe11F1[§,1+p,1—p, E,Tan[ <e+-Fx)]2,—Tan[ (e+-FxH2]+

N |
N |

(1+p) AppellFl[i, 2+p, -p, 5, Tan| (e+-FxH2, ~Tan| (e+fx>}2}
2 2

N R
RN R

1 2 1 3 5 2
Tan[g (e+fx)] ]— [3 (gpAppellFl[;, 1+p,1-p, S’ Tan[ = (e+fx) ],

—Tan[l (e+fx>}2} Sec[i (e+-FxH2Tan[§ (e+fx)] +§

1
2 +p)

3, Tan[% (e+FXH2, *Tan[i (e+fx)]2}
( —1+Tan[§(e+fx”2])/

s Tan[; (e+fx)]2, —Tan[% (e+Fx)]2] +

3
AppellF1[ =, 2+p, -p,
2

Sec[1 (e+fx)]2Tan
2

1
[3 AppellFl[ =, 1+p, -p,
2

2 (pAppellFl{i, 1+p,1-p, E, Tan[l (e+fx)]2, —Tan[l (e+FxH2] +
2 2 2 2

(1+p) AppellFl[i, 2+p, -p, 5, Tan{l (e+fx”2,
2 2 2

—Tan[% (e+Fx)]2] Tan[i (e+fx)]2 -

(2 (lpAppellFl[i, 2+p,1-p, E, Tan| (e+-FxH2, ~Tan| (e+fx)]2}
3 2 2

N |
N |

Sec[l(eﬂcx)]zTan[ »3+p, -p,
2

N |

(e+fx)] +E (2+p) AppellFl[i
3 2

Tan[% (e+fx)]2, 7Tan[§ (e+fx”2} Sec[% (e+fx)]

P,
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[AppellFl[%, 2+p, -p, z, Tan[% (e+-Fx)]2, —Tan[% (e+fx)]2] +

2 (pAppellFl{i, 2+p,1-p, E, Tan{l (e+1°x)]2, —Tan[l (e+-FxH2} +
3 2 2 2 2

(2+p) AppellFl[i, 3+p, -p, 5, Tan{l (e+fx”2, —Tan[l (e+fx”2}
2 2 2 2

1 2 1 3 1 2
Tan[ = (e+fx) | Jf [4Appe11F1[—, p,1-p, =, Tan[ = (e+fx)]",
2 2 2 2

—Tan[% (e+fx)]2] [—1+Tan[§ (e+fx)]2]2
[2 ((—1+p) AppellFl[Z, p, 2-p, 3, Tan{% (e+FxH2, —Tan[% (e+fx)}2} +

3 5 1 2
pAppellF1[ =, 1+p, 1-p, =, Tan[= (e+fx)|", -Tan|
2 2

| =

(e+fx)]2]

N

Sec[l (eJr-Fx)]zTan{l (e+fx)]+3

2
1 3
- = (1-p) AppellFi[ =, p, 2-p,
2 2 3 2

(e+fx) 2] Sec[i (eﬂ‘:x)]zTan[l (e+

Tan[l(eﬂcx)}z,—Tan[ A

1
2 2
(e+Fx)]"]

1 3 2
~pAppellFl[ =, 1+p, 1-p, (e+fx)]", -Tan]
3 2

N |

5
2

1 2
f +2Tan[—(e+fx)]

Sec[l(eJrfx)]zTan[l(eJr x) | A

2 2

3 5 7 1 2
-1 - = (2-p) AppellF1|[=, p, 3-p, —, Tan| = f ,
[(~1+p) [ (2-p) Appel1F1[ >, p, 3-p, —, Tan| ~ (e fx)]

7Tan[§ (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx)]+

ipAppellFl[E, 1+p,2-p, —, Tan{l (e+-FxH2, —Tan[l (e+fx)]2}
5 2 2

7
2 2
fx) ]

(e+-Fx)]2, ~Tan]|

1 2 1 3 5
Sec[;(eﬂcxﬂ Tan[;(e+ X +p —g(l—p) AppellF1[5,1+p,

2-p, Z,Tan[ (e+-FxH2]SeC[ (e+-FxH2Tan[
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{ 2

N |

[AppellFl[%, 2+p, -p, 3, Tan[i (e+-FxH2, —Tan[i <e+-Fx)]2] +
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3 5 1 2
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2 2 2

2
7Tan[1 (e+fx)]7]| Tan[= (e+Fx)] ) ]] ]+
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1 yi 1.2 2 :
—f<Cos[e+-Fx] ) Csc[; (e + fx) | Hypergeometric2Fi|
8
1
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3+p
)
2
3
B
2
Sin|
e+
.F
x]?]

Sec[1 (e+fx)]2 (-1+secle+fx])
2

(8
Sec|

e+
fx])P (1+Sec[e+f

x]) Tan[e + f x]

Problem 176: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(gSec[ewa])p (c-csecle+fx])

a+aSec[e+fx]

Optimal (type 5, 180leaves, 6 steps):
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Result (type 6, 3396 leaves):
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Problem 177: Unable to integrate problem.

(gSecle+fx])P (c-cSecle+fx])
J dx

(a+asSecle+fx])?

Optimal (type 5, 226 leaves, 7 steps):
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1 1- 3-
- ( [cg (3-4p) Hypergeometric2F1| —, 7p, Tp, Cos[e+fx]?]

2 2
) i

/(Bazfﬂsin[e+fx}2
s —p, Cos[e+fx]?| (gSec[e+fx])PsSinfe+fx]
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(Bazf Sin[e+ fx]?

c (5-4p) (gsSec[e+fx])PTan[e+fx] 2c (gSec[e+fx])PTan[e+fx]

3a2f (1+Sec[e+fx]) 3-F(a+aSec[e+1Cx})2

Result (type 8, 36 leaves):

(gsecle+fx])P (c-cSecle+fx])
J dx

(a+asecle+fx])?

Problem 180: Result more than twice size of optimal antiderivative.

Sec[e + fx]°/?

dx

J\/aJraSec[eJrfx} (c-csecle+fx])

Optimal (type 3, 140leaves, 8steps):

i _/a Tanfe+fx] B infes
2 ArcSinh [ ~2Tanlefxl | Ar‘cTanh[J?\/ms“‘[e fx]

+/ a+aSec[e+f x] V2 +/a+aSec[e+fx] Cscle + f x] \/a+aSec[e+Fx]
- + +
Va cf V2 va cf acf/Sece+fx]

Result (type 3, 724 leaves):
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Problem 181: Result more than twice size of optimal antiderivative.

Sec[e+fx])3?
J (gsec| 1) ix
Va+aSec[e+fx] (c-cSec[e+fx])
Optimal (type 3, 116 leaves, 4 steps):
g3/2 Ar‘cTanh[ a g Tan[e+f x]
V2 \[gseclerfx] \[araseciesfx] gCot[e+fx]VgsSec[e+fx] Va+aSec[e+fx]
- +
V2 Va cf acf

Result (type 3, 431 leaves):
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Problem 183: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +f x]?

dx

J\/aJraSec[eercx} \Jc-cSecle+fx]

Optimal (type 3, 46 leaves, 3 steps):
Log[Tan[e + fx]] Tan[e + f x]

f/a+aSec[e+fx] vc-cSecle+fx]
Result (type 3, 129 leaves):

- ([21‘1 (-1+et () Cos{l (e+-FxH2 (Log[1-e' 0] +Log[1+e! ¢ FY ] - Log[1+e?" (&FX])
2

Sec[e + fx]

/((1+ej(e*”)) -F\/a (1+Secfe+fx]) c-cSec[e+fx]

Problem 186: Result more than twice size of optimal antiderivative.

JSEC[E-%—'FX} (a+asecle+fx]) <c+dSec[e+fx})3d1x

Optimal (type 3, 171 leaves, 7 steps):
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a(8c*+12c?d+12cd*+3d*) ArcTanh[Sin[e + fx] ]

+

8 f
a(3c+16c*d+12cd?+4d?) Tan[e+fx] ad (6c?+20cd+9d?) Sec[e+fx] Tan[e+fx]
6f ' 24 f '
a(3c+4d) (c+dSece+fx])*Tan[e+Ffx] a(c+dSec[e+fx])’Tan[e+fx]
12f ' 4t

Result (type 3, 1107 leaves):

a [((—8c3—12c2d—12cd2—3d3) Cos[e+-Fx}4Log[Cos[§ (e+fx)] —Sin[% (e+fx)]]

Sec[1 (e+fx)]2 (1+Sec[e+fx]) (c+dSec[e+fx])3)/ (161c (d+cCos[e+fx])3> +
2

((8c3+12c2d+12cd2+3d3) Cos[e+-Fx]“Log[Cos[l (e+fx)] +Sin[1 (e+fx)]]
2 2

Sec[l<e+fx)]2(1+Sec[e+fx]) (c+dsecle+fx])> /(16f(d+cCos[e+fx])3)+
2

(d3Cos[e+1Cx]“Sec[l (e+fx)}2 (1+secie+fx]) (c+dSec[e+fx}>3)/
2

4

N

[321‘ (d+cCos[e+fx])?

Cos[% (e+fx)] —Sin[% (e+Fx)]

((36c2d+48cd2+13d3) cOs[e+fx}“Sec[l (e+fx”2 (1+secle+fx])
2

(c+dSec[e+-Fx])3)/ (961: (d+c:Cos[e+-Fx])3 (e+fx)]

Cos[% (e+fx)]-sin]

N |

1

(d3Cos[e+1cx]“Sec[1 (e+fx”2 (1+secie+fx]) (c+dSec[e+fx}>3]/
2

4
]+

((—36c2d—48cd2—13d3> cOs[eHCx]“Sec[1 (e+fx)]2 (1+secie+fx])

2
(c+dSec[e+-Fx])3)/
Cos[eJrFx]“Sec[1 (e+-Fx)]2 (1+secle+fx]) (CerSec[eJr-Fx])3
2

Cos[% (e+fx)] —Sin[% (e+fx)]

[321‘ (d+cCos[e+fx])? |Cos|

(e+fx) | +Sin[% (e+fx)]

1
2

96 f (d+cCos[e+1‘:x])3

Cos[i (e+fx)]+sin[= (e+fx)]

3

N |

(3cd251n[§ (e+fx)] +d3Sin[§ (e+fx)]

3
+

[121‘ <d+cCos[e+fx1>3

(e+-Fx)]2 (1+secle+fx]) (CerSec[eJr-Fx])3

|/

Cos[% (e+fx)] +Sin{§ (e+fx)]

Cos[e+fx]*Sec|

N |

(BCdZSin[g (e+-FxH +d3Sin[§ (e+-Fx)]

[121‘ <d+cCos[e+1‘:x}>3

.
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Cos[e+fx]*Sec| <e+-Fx)]+

N |

(e+fx)]2 (1+Sec[e+fx]) (c+dSec[e+fx])> (3c3sin[

)/

N |

9c2dSin[ e+-FxH+6chSin[

N | =

o1
<e+fx)]+2d Sln[2<e+fx)]

) ;

Cos[eJrfx]“Sec[1 (e+fx)]2 (1+Sec[e+fx]) (c+dSec[e+fx])> (BCZ"Sin[1 (e+Fx)]+

2 )/2

N |

Cos[% (e+fx ]—Sin[% (e+-Fx)]

~

[6-F (d+cCos[e+-Fx])3

9c2dsin[1 (e+fx)] +6ccjzsin[1 (e+fx)] +zd3sin[1 (e+fx)]
2 2 2

]

Problem 187: Result more than twice size of optimal antiderivative.

[61: (d+cCos[e+fx])? |Cos|

N |

(e+-Fx)] +Sin[% (e+-Fx)]

JSGC[E-%—'FX] (a+asecle+fx]) <c+dSec[e+fx1)2d1x

Optimal (type 3, 108 leaves, 6 steps):
a(2c?+2cd+d?) ArcTanh[Sin[e+fx]] 2a(c?+3cd+d?) Tan[e+fx]

+ +
2f 3f
ad(2c+3d)Secle+fx] Tan[e+fx] a (c+dSec[e+fX})2Tan[e+fx]
+
6f 3f

Result (type 3, 240leaves):
1

24 (—1+Tan[i (e+fx)]2)3

aSec[1 (e+-Fx>]6 9 (2c®+2cd+d?) Cos[e+fx]
2

Log[Cos[% (e+fx)] —Sin[i (e+fx)]]-

Log[Cos[% (e+fx)] +Sin[§ (e+fx)]]|+3(2c®+2cd+d?) Cos[3 (e+fx)]

(Log[Cos[% (e+fx)] —Sin[% (e+fx)]] —Log[Cos[% (e+fx)] +Sin[§ (e+fx>H) -4

(3c2+6cd+4d?>+3d(2c+d) Cos[e+fx]+(3c®+6cd+2d?) Cos[2 (e+fx)])Sinfe+fx]

Problem 188: Result more than twice size of optimal antiderivative.

JSGC[E-%—'FX] (a+asecle+fx]) (c+dSec[e+fx])dx

Optimal (type 3, 56 leaves, 5steps):
a(2c+d)ArcTanh[Sin[e+fx]] a(c+d)Tan[e+fx] adSec[e+fx] Tanl[e+fx]

+ +

2f f 2f

Result (type 3, 154 leaves):
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ia -2 (2c+d) Log[Cos[i (e+fx)] 7Sin[§ (e+Fx)]]+

4c Log[Cos[1 (e+fx)] +Sin[1 (e+fx)]]+

5 2
zdiog(cos|, (e £x) ] +sinl - (e )] cos[ 2 (e~ )] -dsin[l leefx)])T

d

4 (c+d) Tan[e+fx]
(Cos[i (e+Fx)] +Sin[§ (e+fx>”

Problem 195: Result more than twice size of optimal antiderivative.
JSGC[G+'FX] (a+asSecle+fx])? (c+dSecle+fx])*dx

Optimal (type 3, 176 leaves, 8 steps):
a? (12c?+16cd+7d?) ArcTanh[Sin[e + fx]]

8f
a? (c*-8c?d-20cd?-8d’) Tan[e+fx] a%(2c (c-8d)-21d?) Sec[e+fx] Tan[e+fx]
6df . 24 f .
a? (c-8d) (c+dsecle+fx])*Tan[e+fx] a?(c+dSecle+fx])>Tan[e+fx]
12df : 4df

Result (type 3, 479 leaves):
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(e+fx)]]+

a?sec[e+fx]* |108 c? Log[Cos [ <e+-Fx)] - Sin|

N |

7192'F
1

144 cdlog|Cos[ = (e+fx) ]| -sin
2

63d2Log[Cos[1 (e+fx)] —Sin[l (e+fx)]]+12 (12c®+16cd+7d*) Cos[2 (e+fx)]
2 2

Log[Cos[% (e+fx)] —Sin[% (e+fx)]] —Log[Cos[% (e+fx)] +Sin[% (e+-Fx)H] +
3(12c2+16cd+7d*) Cos[4 (e+fx)]
Log[Cos[% (e+fx)] —Sin[i (e+fx)]] —Log[Cos[% (e+fx)] +Sin[§ (e+fx)]]] -

108c2Log[Cos[§ (e+fx)] +Sin[§ (e+fx)]]-

144 cdlog[Cos|— (e+fx) ] +Sin[= (e+fx)]] -

1 1
2 2
63d2Log[Cos[1 (e+fx)] +Sin[l (e+fx)]]-24c?sin[e+fx] -96cdSin[e+Ffx] -

2 2

90 d’Sinfe+fx] -96c*Sin[2 (e+fx)|-224cdsSin[2 (e+fx)|-128d°Sin[2 (e+fx)] -
24c?sin(3 (e+fx) ]| -96cdSin[3 (e+fx)|-42d?Sin|3 (e+fx)] -

48 c*sin(4 (e+fx)|-88cdSin[4 (e+fx)|-32d’Sin|4 (e+fX) |

Problem 196: Result more than twice size of optimal antiderivative.

JSec[eJrfx} (a+aSec[e+1:x1)2 (c+dsecle+fx])dx

Optimal (type 3, 103 leaves, 6 steps):
a? (3c+2d) ArcTanh[Sin[e+fx]] 2a%(3c+2d) Tan[e+fx]

+ +

2f 3f

a? (3c+2d) Secle+fx] Tan[e+fx] d (a+aSec[e+fx1)2Tan[e+fx]
+

6f 3f

Result (type 3, 993 leaves):
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[(—3c—2d> Cos[e+fx]3Log[Cos[S+B] —Sin[s+fl}] Sec[SJr-F—X]4
2 2 2 2 2 2
/(S-F (d+cCosfe+fx])) +

(a+aSec[e+1‘x])2 (c+dsecle+fx])

((3c+2d) Cos[e+fx]3Log[Cos[S+f—X] +Sin[s+f—XH Sec[SJr—]
2 2 2 2 2 2

(a+aSec[e+1‘x])2 (c+dsecle+fx])

/(S-F (d+cCosfe+fx]))+

fx,a f x
dc Ffx)Psec[ S +as +fx])? (c+ds +fx]) si 7]
os[e+fx] ec[2 X | (a+asecle+fx])? (c ecle+fx]) Sin| A ] /

[241‘ (d+cCosfe+fx]) (Cos[g} _Sin[g]

e fx .oe fx 3
Cos[—+—] —Sln[—+—}) J+
2 2 2

2 2 2

Cos[e+-Fx]3Sec[S+1:—)(]4 (a+aSec[e+fx])? (c+dSec[e+fx])

2 2
(BCCOS[E]+7dCos[§}—3cSin[§}—5dSin[§])]/
e e e fx e fx,)2
48 (d+cc £x]) [Cos[=] -sin[~]| |cos[~ + ] -sin[—+ >
{ (d+cCosfe+fx]) ( os[z} 1n[2] os[2+ 2] 1n[2+ 2} )+
(Cos[e+fx]35ec[g+3]4(a+a5ec[e+fx])2
2 2
f x f x
+dS f 6cSin|— | +5dSin| —
(c ecle+ x])( c 1n[2} 1n[2}) /
(12-F(d+cCos[e+Fx}> (Cos[g}fsin[g]) Cos[g+1c—x],sin[g+fix}) .
2 2 2 2 2 2

+

fX,a f x
dc Fx)3Sec[ 4~ S fx])? (c+ds fx]) Si —]
os[e+fx] ec[2 2] (a+asecle+fx])? (c+dSec[e+fx]) 1n[2] /

[241c (d+cCosfe+fx]) (Cos[g} +Sin[s]

e fx .e Ffx )3
COS[—+—]+Sln[—+—}))+
2 2

2 2 2 2

(Cos[e+¥x]35ec[g+f—x]4 (a+aSec[e+fx])? (c+dSec[e+fx])
2 2

(—BCCOS[S] —7dCos[§] —3cSin[§] —5dSin[§]])/

Cos[g+f—x] +Sin[g+f—x}

e e
[48f(d+cCos[e+fx}) (Cos[—}JrSin[—]) S5 S5

2 2

|

(Cos[e+fx]35ec[g+3]4 (a+a5ec[e+fx1)2
2 2

(c+dsecle+fx]) (6cSin{f7x} +5dSin[f7x})]/

(12-F(d+cCos[e+Fx}) (Cos[§}+sin[§]) e fx )

e fx
Cos[—+—] +Sin[—+ —
os[2+ 2]+ 1n[2+ 2}

Problem 197: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eJrfx] (a+asSecle+fx])? 5
X

c+dSec[e+fX]
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Optimal (type 3, 95leaves, 8steps):
mTan“— (e+fx)w

a? (c-2d) ArcTanh[Sin[e + f x]] 22’ (c-d)*?* ArcTanh | — ] a2Tanfe + f x]
- + +
d* f d2+/cid f df
Result (type 3, 329 leaves):
! a?Cos[e+fx] (d+cCos[e+1‘x])Sec[l(eﬁzx)]4
4d*f (c+dSec[e+fx]) 2

(1+secfe+fx])?

(c-2d) Log[Cos[% (e+fx)] —Sin[% (e+fx)]]-

(c-2d) Log[Cos[1 (e+fx)] +Sin[1 (e+fx)]]-
2 2
(i Cos[e] +Sin[e]) (c Sinfe] + (-d+cCos[e]) Tan[%"])

2 - d2 \/(Cos[e] - 1iSin[e])?
/[\/cz—d2 \/(Cos[e}—jsin[e])2]+

dSin[%]

21 (c—d)zAr‘cTan[

]

(Cosfe] -iSin[e])

+

(Cos[ﬂ 7Sin[§]) (Cos[i (e+Fx)] 7Sin[§ (e+Fx)”
dsin[X] ]

(Cos{ﬂ +Sin[§]) (Cos[% (e+Fx)] +Sin{% (e+-FxH)

Problem 198: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[e+fx] (a+aSecle+fx])? 5
X

(c+dSec[e+1‘:x])2

Optimal (type 3, 117 leaves, 8 steps):

a? ArcTanh[Sin[e + fx]]

d? f
mTan“—(ewaw
2a2+/c-d (c+2d) Ar‘cTanh[ — ] a2 (c_d) Tan[e + f X]

42 (c+d>3/2f d(c+d)F(c+dSec[e+-Fx])

Result (type 3, 312leaves):
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1

) 1 4
a (d+cCos[e+fx])Sec[f(e+-Fx>]
4d2f (c+dSec[e+fx])? 2

~(d+cCosfe+fx]) Log[Cos[1 (e+fx)] 7Sin[1 (e+fx)]]+

(1+secfe+fx])?
2 2

(d+cCosfe+fx]) Log[Cos[1 (e+fx)]+sin]

5 (e+fx)]]+

N |

(]‘L Cos[e] +Sin[e]) (C Sinfe] + (*d+CC05[e}> Ta”[fx]) ]

2
e - g2 \/ (Cos[e] -isSinfe])?

2 (c*+cd-2d?) ArcTan |

(d+cCos[e+fx]) (iCos[e] +Sin[e})]/ ((c+d> \/CZ,dz \/(Cos[e] —jSin[e]>2 J +

(c-d)d(dsinf[e] -cSin[fx]) ]
¢ (c+d) (Cos[ﬂ —Sin[%]) (Cos[f} +Sin[§”

Problem 199: Result unnecessarily involves imaginary or complex numbers.

JSec[eﬂcx] (a+aSec[e+1‘x])2 ;
X

(c+dSec[e+fx])?

Optimal (type 3, 130leaves, 5steps):

[mTanﬁ—(e#xw ]

o (a2 +a?sec[e+fx]) Tan[e + fx] 3a2Tan[e + f x]
+ +

Ve-d (c+d)®?f 2 (c+d)f(c+rdSec[e+fx])? 2 (c+d)?f (c+dSecle+Ffx])

3 a2 ArcTanh

Result (type 3, 249 leaves):
[az (d+cCosfe+fx]) Sec[1 (e+fx”45ec[e+1‘x] (1+secfe+fx])?
2

fx
(—([61‘1Ar~cTan[[(j Cos[e] +Sin[e]) (c Sinf[e] + (-d+cCos[e]) Tan| —|

1)/
2 2 . . 2 2 . .
(\/C -d \/<COS[E]—]].Sln[e]) )} (d+cCosfe+fx]) (Cos[e]—lsln[e])]/

-d d) S -dSi Sin[f
& ¢ [coster - isiniel]?] | - (cd) (c+d) secle (~dsinfe) +cSinfx]) |

: )

%(d+cCos[e+fx}) Sec[e] ((c*-4cd-2d?*) sin[e] +c (4c+d) Sin[fx])
c

(8 (c+d)2f(c+d5ec[e+fx})3)

Problem 204: Result more than twice size of optimal antiderivative.

jSec[e+fx} (a+aSec[e+fx}>3 (c+dsecf[e+fx]) dx
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Optimal (type 3, 125leaves, 10 steps):
5a® (4c+3d) ArcTanh([Sin[e + fx]]

+

8 f
a®>(4c+3d) Tan[e+fx] 3a®(4c+3d)Sec[e+fx] Tan[e+fx]
f ' 8 f '
d (a+aSec[e+-Fx])3Tan[e+-Fx] a® (4c+3d) Tan[e+fx]>
4f ’ 12 f

Result (type 3, 273 leaves):
1

) 1536 f

a3 (1+Cos[e+1‘x])35ec[1 (e+-Fx>]GSec[e+Fx]4 120 (4c+3d) Cos[e+fx]*
2

Log[Cos[1 (e+fx)] —Sin[l (e+fx)]] —Log[Cos[l (e+fx)] +Sin[1 (e+fx)]]|-
2 2 2 2
Sec[e] (-24 (11c+9d) Sin[e] + (36c+69d) Sin[fx] +36cSin[2e+fx] +
69dSin[2e+fx] +280cSin[e+2fx] +264dSin[e+2fx] -72cSin[3e+2fX] -
24dSin[3e+2fx] +36cSin[2e+3fx] +45dSin[2e+3fx] +36cSin[4e+3fx] +

45dsin[4e+3fx] +8cSin[3e+4fx]+72dSin[3e+4fx])

Problem 205: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+asSecle+fx])? 4
X

c+dSec[e+fX]

Optimal (type 3, 153 leaves, 9 steps):
a®ArcTanh[Sin[e+fx]] @ (c?-3cd+3d?) ArcTanh[Sin[e+fx]]

+ —

2df d3f
\ c-d Tan{l(eva)w
3 5/2 2
2@’ (c-d)”* ArcTanh] " | @ (c-3d) Tan[e+fx] a*Sec[e+fx] Tan[e+fX]
- +
d*c+d f d> f 2df

Result (type 3, 419leaves):
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1
32d*f (c+dSec[e+fx])

a*Cos[e+fx]* (d+cCos[e+fx]) Sec[1 <e+fx)]6
2

(1+Secle+fx])’>|-2(2c2-6cd+7d?) Log[Cos[1 (e+Fx)] 7Sin[1 (e+Ffx)]]+
2 2

2 (2c*-6cd+7d?) Log[Cos[% (e+Fx)] +Sin[§ (e+fx)]]+[8(c-d)?

(i Cos[e] +Sinfe]) (c Sinfe] + (-d+cCos[e]) Tan[‘%}

V2 - d2 \/(Cos[e] —jSin[e])z

2
(\/cz—dz\/(Cos[e]—jsin[e})z]Jr d _

(Cos[% (e+Fx)] —Sin[i (e+fx)])2

ArcTan |

| (icCos[e] +Sin[e]) /

4 (c-3d)dsin| £X]

(Cos[g} —Sln[g]) (Cos[% (e+Fx)] —Sin[% (e+fx”)

d2

(cosE (e+fx)] +sin[2 (e+fx)])2

4 (c-3d) dSln[fT}
(Cos[ﬂ+$1n ) (Cos 2(e+fx>]+$in[§(e+¥x)”

Problem 206: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+aSecle+fx])? 4
X

(c+dSecle+fx])?

Optimal (type 3, 161 leaves, 9steps):
[mTan{g (encx)} ]

c+d

a® (2c-3d) ArcTanh[Sin[e + f x]] 2a° (c—d)3/2 (2c+3d) ArcTanh

- + +
d* f & (c+d)¥?f
2a3cTan[e+fx] (c-d) (a®+a*Sec[e+fx]) Tan[e+fX]
d? (c+d) f d(c+d)f(c+dsSec[e+fx])

Result (type 3, 979 leaves):
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((2c—3d) Cos[e + f Xx] (d+cCos[e+Fx])2Log[Cos[S+B] —Sin[SJr-FfXH
2 2 2 2

Sec[s+3]6 (a+aSec[e+1cx])3

/(8d3f<c+dSec[e+-Fx]>2) +
2 2

((72c+3d) Cos[e+fx] (d+cCos[e+fx])2Log[Cos[S+f—x] +Sin[g+f—XH
2 2 2 2
Sec[g+f—x]6 (a+aSec[e+fx])3]/ (8d3‘1c <c+dSec[e+fx})2) +
2 2

((—c+d)2 (2c+3d) Cos[e+fx] (d+cCos[e+-Fx])ZSec[S+-F—X]6 <a+aSec[e+fX1>3

2 2
[ Cos[e]

) fx
1Ar‘cTan{Sec[7}

\c2-d? +/Cos[2e] - iSin[2e]

iSin[e]

(JdSin[%X] +]1c51n[e+%x})]

\Je2-d? +/Cos[2e] - iSin[2e]

Cos[e] /[4d3\/C27d2 f+/Cos[2e] -1Sin[2e] || -
Ar‘cTan[Sec[ffX} Cos [e] - 13infe]
2 \Jc2-d? +/Cos[2e] - iSin[2e] ve2-d? /Cos[2e] - iSin[2e]

[—jdsin[z] +JicSin[e+-FfX])} Sin[e])/

2 2
(4d3x/c2—d2 f+/Cos[2e] -1Sin[2e]

(COS[E+‘FX] (d+cCosfe+fx]) Sec[g+1‘:fx]6 (a+aSec[e+1:x1>3
2 2

J/((c+d) (c+dSec[e+fx])2)+

(-c*dsinfe] +2cd*Sin[e] -d*Sin[e] + c*>Sin[fx] -2c*dSin[fx] + cd*Sin[fx])
Cos[g} +Sin[g])] +

sl

/

(Scd2 (c+d>f(c+dSec[e+-Fx])2

Cos[g] —Sin[g])

(COS[E+'FX] (d+cCos[e+1=x])ZSec[S+1C—X}6 (a+aSec[e+fx])3Sin[f—X]
2 2 2

e fx . e fx
Cos[—+—] -Sin[ =+ —]|
2 2 2 2

+

[Sdzf (c+dsecle+fx])?

Cos[g] —Sin[g])

(Cos[e+-Fx] (d+cCos[e+1Cx])ZSec[E+1‘:—)(}6 (a+aSec[e+fx])3Sin[f—X]]/

2 2 2
[Sdzf (c+dsecle+fx])? (Cos[g] +Sin[g]) Cos[5+f—x} +Sin[s+f—x}
2 2 2 2 2 2

Problem 207: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx] (a+aSecle+fx])? 4
X

(c+dsec[e+fx])?

Optimal (type 3, 188 leaves, 9steps):
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1
a3m (2 C2+6Cd+7d2) Ar‘cTanh[ Ve-d Tan[;d(eﬂcxw }
C+

d® (c+d)*2f
a® (c-d) (2c+5d) Tan[e + fx]

a®> ArcTanh[Sin[e + fx]]
d* f

(c-d) (a®+a*Sec[e+fx]) Tan[e +fx]

2d (c+d) f (c+dSec[e+-Fx})2 2 d? (c+d)2f (c+dsec[e+fx])

Result (type 3, 393 leaves):

! a3(dJrcCos[eJr-Fx])Sec[l(eJr-Fx)]6
32d°f (c+dSec[e+fx])> 2

(e+fx)]-sin[= (e+fx)]] +

N |
N |

(1+Sec[e+fx])>|-4 (d+cCos[e+fx])*Log[Cos|

4(2c3+4c2d+cd2—7d3)

N |

4 (d+cCos[e+fx])2Log[Cos{ (e+fx)]+sin[= (e+fx)]]+

N |

(i Cos[e] +Sinfe]) (c Sinfe] + (-d+cCos[e]) Tan[%‘”

Ve2-d? J(Cos[e] —J'LSin[e])2

] <d+cCos[e+1"x})2

ArcTan |

1

/[(c+d) \/cz—d2 \/(Cos[e}—isin[e]) }er

(c-d)dsecfe] ((2c*+6c?d+5c*d*+12cd®+2d*) Sin[e] -c (d (7c?+18cd+2d?)

(i Cos[e] +Sin[e])

Sin[fx] -d (c?+6cd+2d*) Sin[2e+fx] +c (2c>+6cd+d?) Sin[e+2Fx]))

Problem 208: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JSec[eﬂcx] (a+aSecle+fx])?

(c+dsecle+fx])*

Optimal (type 3, 178 leaves, 6 steps):
mTaan (e+1¢x)} ]

3
5a® ArcTanh | a(a+aSec[e+Fx])2Tan[e+-Fx}

c+d

N
Ve-d (c+d)7?f 3(c+d)f(c+dSecle+Ffx])>

5a% (c-d) Tan[e + f x] 5a (c+4d) Tan[e + fx]
+

6d (c+d)*f (c+dSecle+fx])? 6d(c+d)>f(c+dSec[e+Ffx])

Result (type 3, 398 leaves):
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1

192 (c+d)*f (c+dSec[e+fx])*

a® (d+cCos[e+fx]) Sec[1 (e+fx”65ec[e+fx} (1+secle+fx])?
2

csinfe] + (-d+cCos[e]) Tan[—|
2

\Jc?-d? \/(Cos[e1 —iSin[e])Zj] (d+cCos[e+1‘:x])3

/[xlcz—d2 \/(Cos[e}—isin[e])z))+

1
-~ (csecle] (6 (8c*+6c*d+30c?d*+9cd®+2d%) Sin[fx] -
c

. . . f x
[—[(1201Ar‘cTan[((1Cos[e] +Sin[e]) )

/

(Cosle] -iSin[e])

3(6c*-3c*d+30c?d*+18cd’+4d*) Ssin[2e+Fx] +c (3 (3c*+38c*d+12cd®+2d?)
Sin[e+2fx] +3 (3c*-6c?d-6cd*-2d’) Sin[3e+2fx] +c (22c*+9cd+2d?)

Sin[2e+3fx])) -2d (66c*+27c*d+50c*d*+18cd’®+4d*) Tan[e])

Problem 210: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (c+dSec[e+fx])4d1
X

a+aSec[e+fx]

Optimal (type 3, 183 leaves, 7 steps):
d (8c®-12c?d+12cd?-3d?) ArcTanh[Sin[e + f x]]

2af
(3c-4d)d (c+dSec[e+fx})2Tan[e+Fx] (c-d) (c+dSec[e+fx])3Tan[e+fx}

+ —

3af f (a+aSecle+fx])

fd (4(3c>-16c*d+12cd*-4d*) +d (6c*-20cd+9d?) Sec[e+fx]) Tan[e +fx]
6a

Result (type 3, 1243 leaves):
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[(—8c3d+12c2d2—12cd3+3d4) Cos[§+-F?X]ZCos[ewaPLog[Cos[ng-FTX} —Sin[§+f7xH
(c+dSec[e+-Fx])4]/ (f (d+ccCosfe+Ffx])* (a+aSec[e+fx])) +
((8c3d—12c2d2+12cd3—3d4) Cos[g+B}ZCos[ewaPLog[Cos[ngB] +Sin[s+3]}
2 2 2 2 2 2

(c+dSec[e+fx])4]/ (f (d+ccCosfe+Ffx])* (a+aSec[e+fx])) +

1

e fx e .
Cos[—+—| Sec[—] sec[e] (c+dSec[e+fx])

4
48f(d+cCos[e+fx]) (a+aSec[e+fx]) 2 2 2

718c4Sin[f—X] +72c3dSin[f—X] —36c2dZSin[-F—X] +24cd3$in[f—x] +6d4Sin[F—X] "
2 2 2 2 2

18c4Sin[3fX] —72c3dSin[3-FX] +180c2dzsin[3fx] —108cd3Sin[3fX} +
2
39d4Sin[3fX] 772c2dzsin[e7f—x} +48cd3Sin[e—f—X] —24d4Sin[e—F—X} -
2 2 2 2

36c2d25in[e+f—x} +24cd3Sin[e+f—X] —6d451n[e+f—x] —18c4Sin[2e+f—X] +
2 2 2 2

72c3dSin[2e+f—X} -144c2d251n[2e+f—x] +96cd351n[2e+f—x} _24d451n[2e+f—x] +

2 5 5 ,
72¢*dsinfe 31;)(] -36cd’sinfe+ 3?} +21d*sinfe+ 31;)(] +18c*Sin[2e+ 3;’(} ,
72cdsin[2e+ BEX} +72c2d?sin[2e+ BEX} ~36cd’sin[2e 3;x} .
9d*sin[2e+ > %] 362 d?sin[3e+ %]+ 36cd Sin[3ex 3’;"} -
s 2] s s 58] acile. 255 arsle 205
6ctsin(2e Szx] +24c>dsin[2e Szx} ‘12cdsin[2e 5‘;"} R
d*sinf2e+ Sfx] +12cd*sin[3e+ szx} -3d*sin[3e+ Szx} —6ctsinfde+ 51;X} .
24 c*dsin[aes 2 %] 362 d sin[4e+ %] +36cd>sin[aes 2] -
9d*sin[4e+ SFX] +6c451n[2e+7fx] -24c3dSin[2e+7fx} +72c2d251n[2e+7zx} -
a8cdsin[2e+ %] 16d*sin2e s X +36C2d25in[3e+7zx] 7
24cd3Sin[3e+7zX} +1ed4Sin[3e+7zX] +6c4Sin[4e+7zX] 724C3d51n[4e+712cx] )

7fx 7fx 7fx
36 c>d?Sin|4e+ | -24cd®sin(de+ | +6d*sin[4e+
2 2 2

]
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Problem 211: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (c+dSec[e+-Fx])3 4
X

a+aSec[e+fx]

Optimal (type 3, 117 leaves, 6 steps):
3d (2¢?-2cd+d?) ArcTanh(Sin[e+fx]] (c-d) (c+dSec[e+fx])?Tan[e+fx]
2af " f (a+aSecle+fx]) )
d(4(c?-3cd+d?) +(2c-3d)dSec[e+fx]) Tan[e+fx]

2af

Result (type 3, 275leaves):

1 1 6
Cos[~ (e+fx)| secle+fx]?
af (1+Cosfe+fx]) 2
[16d3Csc[e+-Fx}3Sin[1(e+fx)]4+ 71+Tan[1(e+fx)]2) 3d (2c¢*-2cd+d?)
2 2
1 o1 1 .1
Log[Cos[g(e+fx)]751n[g(e+fx)]]7Log[Cos[£(e+fx)]+51n[;(e+fx)]]]f

2 (c3—3c2d+9cd273d3)Tan[1 (e+~Fx)] -3d (2c¢*-2cd+d?)
2

Log[Cos[% (e+fx)] 7Sin[§ (e+fx)]] 7Log[Cos[§ (e+fx)] +Sin[§ (e+fx)]]]

Tan[% (e+-Fx)]2+2 (c—d)3Tan[§ (e+fx)]3)]

Problem 212: Result more than twice size of optimal antiderivative.

JSec[eﬂcx] (c+dSecle+fx])? 4
X

a+aSec[e+fXx]

Optimal (type 3, 68 leaves, 6 steps):

(2c-d) dArcTanh[Sin[e+fx]] d2Tan[e+fx] (c—d)zTan[eﬂcx}
+ +
af af f (a+aSecle+fx])

Result (type 3, 237 leaves):
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2 Cos| <e+-Fx)] Cos[e + f X] (CerSec[eJr-Fx])2

N |

(-d)*sec| %] sin[~*] dcos|
[

(Log[Cos[% (e+fx)]-sin %(eﬂcx)H 7Log[Cos[§ (e+fx)] +Sin[§ (e+fx)]]) +

(e +x)] (7<chd)

(dSin[-Fx])/ (Cos[g]—Sin[g}) Cos[§]+sin[§})
Cos[%(ewa)]fSin[%(e+FxH Cos[%(e+fx)]+sin[§(e+1‘x)] ]m/

(af(d+cCos[e+Fx})2 (1+Sec[e+fx]))

Problem 213: Result more than twice size of optimal antiderivative.

JSec[e+fx] (c+dsec[e+fx]) i
X

a+aSec[e+fx]

Optimal (type 3, 43 leaves, 3 steps):
dArcTanh[Sin[e + fx] ] (c-d) Tan[e + fx]
+

af f(a+asSecle+fx])

Result (type 3, 109 leaves):

2Cos[% (e+fx)]

dCos[1 (e+Fx)]
2

1

2

1

-Log[Cos|[ =~ (e+fx) | -sSin|

2
S] sin[%"})

(e+fx)]] +Log[Cos[= (e+Fx)]|+sSin[= (e+Fx)]]|+

N |
N | =

(c-d) Sec|

/(af (1+Cosfe+fx]))

Problem 214: Result unnecessarily involves imaginary or complex numbers.

Sec[e + fx] dx
J(a+aSec[e+-Fx]) (c+dsec[e+fx])

Optimal (type 3, 83 leaves, 4 steps):
mTanH— (e+f x) ]

2dArcTanh| — ] Tanle s £ x]
- +
a(c-d)*2c+d f (c-d) f(a+asecle+fx])

Result (type 3, 160 leaves):
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2Cos[1<e+fx)]
2
iCos[e] +Sin[e]) (cSin[e] + (-d+cCos[e]] Tan £x
2dAr‘cTan[< )( ( ) {2])]Cos[l(e+fx)]
Ve2-d? \/(Cos[e]—jlsin[e})2 2
(i Cos[e] +Sin[e])]/ (\/CZ_dz \/<ccs[e] —iSin[eJ)Z ] +
Sec[g}sin[%] /(a (c-d) f(1+Cos[e+fx]))

Problem 215: Result unnecessarily involves imaginary or complex numbers.

J Sec[e +fXx] 4
X

(a+asecle+fx]) (c+dSec[e+fx])?

Optimal (type 3, 145leaves, 6 steps):
[ mTanH— (e+fx)] ]

2d <2c+d) ArcTanh
N c+d .
a(c-d)*? (c+d)??f
(c+2d) Tan[e + f x] dTan[e + f x]

(c-d)? (c+d) f(a+aSecle+Ffx]) (c2-d?) f (a+aSec[e+fx]) (c+dSece+fx])

Result (type 3, 286 leaves):

2Cos[1 (e+fx)] (d+cCos[e+fx])sSecle+fx]?

[ !

i Cos[e] +Sin[e]) (C Sinfe] + (*CHCCOS[GH Tan[fx]) ]

+ c? - d2 \/(Cos[e] —jSin[e])z

2d (2c+d) ArcTan|

Cos[1 (e+fx)] (d+cCos[e+fx]) (iCos[e] +Sin[e]) /
2
((c+d)\/ﬁ\/(Cos[e]—jSin[e])2 +(d+cCos[e+fx])Sec[g]sin[F—X]+
2 2

d2Cos[i (e+fx)] (-dsin[e] +cSin[fx])

¢ (c+d) (COS[i] —Sin[f}) (Cos[i] +Sin[§]) ]/

(a (c-d)?f (1+Secle+Fx]) (c+dSec[e+-Fx])2)

Problem 216: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

J Sec[e + f x]
(a+aSec[e+fx]) (c+dSecle+fx])>

dx

Optimal (type 3, 207 leaves, 7 steps):
\/gTan[l (e+fx)w

_3d(2c2+2cd+d2)Ar~cTanh[ — }+ d(2c+3d) Tan[e + fx] .
a (c—d)7/2 (c+d)5/21‘ 2a (c—d)2 (c+d) -F(CerSec[eJr-Fx])2
Tan[e + f x] d(2c+d) (c+4d) Tan[e + fx]
+

(c-d) f(a+asecle+fx]) (c+dSec[e+-Fx])2 2a (c—d)3 (c+d)2f(c+d5ec[e+fx})

Result (type 3, 1422 leaves):

[(2c2+2cd+d2) Cos[g+f—x]2 (d+cCos[e+fx])?
2 2

- Cos[e]

Sec[e+fx]*

fx
{doAr‘cTan[Sec[] [

2 ve2-d? /Cos[2e] - iSin[2e]
1Sin[e]

/

) . fx ) . f x
(—]].dSln[—] +icSinfe+ 7})] Cos[e]
2

\/c2-d? /Cos[2e] -iSin[2e]

(x/czfd2 f+/Cos[2e] -1Sin[2e]

f x
6 dArcTan[Sec| —]
2

Cos [e] iSinfe]

[\/cz—d2 rfCos[2e] -iSin[2e] c?-d? +/Cos[2e] -1iSin[2e]

[qidsin[f—x] +1’LcSin[e+{—X])} Sin[eJJ/

2 2
(«/cz—dz f+/Cos[2e] -1Sin[2e] /

((—c+d)3 (c+d)2 (a+asecle+fx]) (c+dSec[e+fx])3) +

1
8 c2 (—c+d)3 (c+d)2-F(a+aSec[e+fx}> (c+dSec[e+1‘:x])3
Cos |
e fx
LY
2 2

(d+cCosfe+fx]) Sec[s]
2

Sec[e]

Secle+fx]*

8c5dSin[f—X] +10c4dzsin[f—x] —11c3d3Sin{f—X} —17c2d4Sin[f—X} -
2 2 2 2

3fx

| -22c¢*d?sin|

]+

} _

2cdsin| 2] v 2d5sin[ X] ~gcSdsin] X
2 2

3fx
2

27 ¢ ¢ sin[ 2 %] _5 ¢ d* sin[ 2 %] +2¢ dF sin]
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4c55in[e—f—x} +8c5dSin[e—f—X} +18c4dZSin[e—f—X] +
2 2 2
35c3dssin[e—ffx} +25c2d4Sin[e—FfX} +2cdSSin[e—F—X] -
2 2 2
ZdSSin[e*ffx} *4C651n[e+3} —8c5dSin[e+f—X] —6c4dZSin[e+F—X} -
P 2 2 2

7c3d3Sin[e+f—X] +5c2d4sin[e+F—X] +2cdSSin[e+f—X] 72d6Sin[e+f—X] +
2 2 2 2

8c5dSin[2e+f—X] +22c4d25in[2e+f—x] +17c3d3Sin[2e+-F—X} +
2 2 2

13c2d4Sin[2e+f7X] +2cd551n[2e+f7x] _2d651n[2e+%} +2c8Sinfe+ 3;)‘} .
acdsinfes 20 actdsinfer 2] 719C3d3Sin[e+3zX] :
Scdtsinfer > %] 2cdsiner > %] s c dsin[2e . 3‘;"} -

16 d?sin[2e+ ] - c3dPsin[2es 2] v 2c2dtsinf2e s 3’;’(} -
2cdSSin[2e+3FX] +2cssin[3e+3fx] +4c>dsin[3e+ ”X] +

2t dsin[3e+ 2 5] 7 dsin[3es ] 122 dtsin[3es 1] -
ZCdSSi”Pe*BzX] -2c®sinfe ZX] ~4cSdsinfe 51;"] ]

8c*d?Sinfe+ 5;’(] ~23dsinfe Szx} +c2d*sinfe+ 5’;"} .

6cfd’sin[2e+ S;X} ~2cd’sin|2e szx] +c2d*sin[2e+ szx] .

2c5sin[3e+ 2 X] _acSdsin[3ex S’CX] ~2ctd?sin[3e+ 5’;"}

Problem 217: Result more than twice size of optimal antiderivative.

jSec[eﬂcx] (c+dsecle+fx])° 5
X

(a+aSecle+fx])?

Optimal (type 3, 258 leaves, 8 steps):
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5(2c-d)d?(2c?-3cd+2d?) ArcTanh[Sin[e +fx]]

2af )
d(c?+10cd-12d?) (c+dSec[e+fx])?Tan[e+fX]
3a2f
(c-d) (c+1ed) (c+dSec[e+-Fx})3Tan[e+Fx] (c-d) (c+dSec[e+-Fx})4Tan[e+-Fx]

+ —

3f (a®+a?Secle+fx]) 3-F(a+aSec[e+1cx])2

+

1
6af
Tan[e + f x]

d(4(c*+10c’d-44c*d*+40cd’-12d*) +d (2c®+20c*d-57cd’+30d>) Sec[e+fx])

Result (type 3, 743 leaves):

[10(—4c3d2+8c2d3—7cd“+2d5)Cos[g+1‘:—x]4
2 2

Cos[e+1:x13Log[Cos[l (e+fx)] —Sin[l (e+fx)]] (c+dSec[e+Fx1)5]/
2 2
(f (d+cCos[e+Fx])® (a+aSec[e+fx})2) -

e fx
(10 (-4 d*+8cd?-7cd*+2d°) Cos[7+f}4Cos[e+1°x]3
2 2

(e+Fx)]] (c+dSec[e+Fx})5J/

(f (d+cCosfe+fx])® (a+aSec[e+fX})2) +

Log[Cos[~ (e+fx)] +Sin]

N |
N |

1

24f (d+cCosfe+fx])® (a+aSece+fx])?

Cos[3+-':fx]4$ec:[l (e+1°x”3 (c+dSecle+fx])®
2 2 2

6c'551n[1 (e+fx)]-30c*dsin|
2

N |

(e+Fx” +60c3dzsin[§ (e+fx)} -

15cd4Sin[ (e+fx)] +18d55in[E (e+Fx” —2c55in[§ (e+Fx” +
2

2

w N R

48 c*dsin[ = (e+fx)] —14<ac3o|251n[z (e+fx)] +320c2d35in[i (e+fx)] -
2 2 2

205cd4Sin{i (e+fx” +70d55in[i <e+fx)] +6c55in[E (e+fx)] -
2 2 2

60c3d25in[E (e+fx)] +240c2d3sin[E (e+fx” —165cd“Sin[E (e+fx)] +
2 2 2

54dSSin[E (e+-FxH +15c4dSin[Z (e+-FxH 760c3dzsin[
2 2

NN

(e+‘FXH +
18@c2d351n[Z (e+fx)] -135cd“51n[Z (e+fx)] +42dSSin[Z (e+fx)]+
2 2 2

ZCSSin[g (e+fx)] +5c4dsin[g (e+fx)] —40c3d25in[g (e+fx)]+
2 2 2

1eec2d351n[2 (e+fx)] -zzecd‘*Sin[2 (e+fx)] +24dssin[g (e+fx)]
2 2 2
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Problem 219: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (c+dSec[e+-Fx])3 4
X

(a+aSec[e+1‘x])2

Optimal (type 3, 133 leaves, 6 steps):
(3c-2d) d*ArcTanh[Sin[e+fx]] (c-d) (c+dSec[e+-Fx])2Tan[e+fx]

+ +

a’f 3f (a+aSecle+fx])?

(c3+4c?d-12cd?+10d>- (c-4d) d?Sec[e+fx]) Tan[e + f x]

3f (a?+a?Sec[e+fx])

Result (type 3, 294 leaves):
1

2Cos| (e+fx)]65ec[e+fx] 6d? (-3c+2d)

N |

3a2f <1+Cos[e+1‘:x])2

(Log[Cos[% (e+fx)]-sin[= (e+fx)]] - Log[Cos]|

N |

(e+-Fx)] +Sin[§ (e+-Fx>H) -

N |

8(c—d)3Csc[e+fx]3Sin[1(e+fx)]4+32(c—d) Cscle+ fx] 551n[1(e+fx>] +
2 2
2(2c3+3c2d—12cd2+13d3)Tan[l(e+-Fx)]+6(3c—2d)d2
2
1 o1 1 .1
(Log[Cos[;(e+-FxH—Sln[;<e+fx)H—Log[Cos[E(e+fx)]+Sln[;(e+fx>H)

Tan[% (e+fx>}2_2 <c—d>2 <2c+7d) Tan[i (e+fx>]3

Problem 220: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (c+dSec[e+-Fx])2 4
X

(a+aSec[e+1‘:x])2

Optimal (type 3, 89leaves, 6 steps):

d? ArcTanh[Sin[e + f x] ] (c-d)?Tan[e +fx] ( d) (c+5d) Tan[e + fx]
+
a’f 3f (a+aSecle+fx])? 3f (a®+a’secle+fx])

Result (type 3, 181 leaves):
—(2COS[1<E+'FX) [GdZCOS[l(eH‘:x)]3
2 2

]
1

N |

(e+-Fx>] +Sin|

N |

Log[Cos[~ (e+fx)] —Sin[% (e+fx)]]-Log[Cos|

2 e . fx
(e+fx)] Sec[g] Sln[T} +

}Sin[f—x] -4 (c?+cd-2d?) Cos|
2

(e+fx” Tan[s}])/ (BaZ-F (1+Cos[e+fx})2)

2

2
(c-d)*sec|

N |

€
2
1

~d)?Cos |~
(c ) os[2

<e+'FX)H +
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Problem 222: Result unnecessarily involves imaginary or complex numbers.

J Sec[e + f x] dx
(a+aSec[e+1‘:x])2 (c+dsecle+fx])

Optimal (type 3, 129 leaves, 6 steps):

1
2d? ArcTanh | Ved Tan[Z erf 0] ]

od Tan[e + f x] (c-4d) Tan[e + fx]
+ +
a? (c_d>5/2x/c+d-F 3(c—d)f(a+a5ec[e+fx])2 3<c—d)2f(a2+a25ec[e+fx])

Result (type 3, 209 leaves):

Cos[% (e+fx)]

(—([24id2Ar‘cTan[[(i Cos[e] +Sin[e]) (c Sin[e] + (-d+cCos[e]) Tan[f—x]])/

\/cz—dz \/<cos[e] -isinfe])? )} Cos[% (e+1‘=x>]3

(Cos[e} —iSin[e]))/ (\/cz—d2 \/(Cos[e] —JiSin[e1)2 )] +

Sec[g} (3 (c-3d) Sin[%} -3 (c-2d) Sin[e+f7x] +(2c-5d) sinfes B‘ZCX]

(Ba2 (c-d)*f (1+Cos[e+fx])2)

|/

Problem 223: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + f x] dx
(a+asecle+fx])* (c+dSecle+fx])?

Optimal (type 3, 211 leaves, 7 steps):

\ c-d Tan{;(e#x)]
— ] d(c?-6cd-10d?) Tan[e+ fx]

+

a? (c-d)”? (c+d)>?f 3a% (c-d)? (c+d) f (c+dSecle+fx])
(c-6d) Tan[e + f x]

2d? (3c+2d) ArcTanh |

+

+

3a? (c—d)zf (1+Sec[e+fx]) (c+dSec[e+fx])

Tan[e + f x]

3 (c—d)f(a+aSec[e+fx})2 (c+dsecle+fx])

Result (type 3, 764 leaves):



100 | Mathematica 11.3 Integration Test Results for 4.5.2.3 (g sec)”p (a+b sec)™m (c+d sec)”™n.nb

[(3c+2d) Cos[3+f—x}4 (d+cCos[e+1‘x])2
2 2

Cos[e]

4 o f x
Sec[e + f x] 8 i d? ArcTan|[Sec|—

[\/cz—d2 v/Cos[2e] -1iSin[2e]
isinfe]

. . fx . X fx
(—Jldsln[?] +icsSinfe+ 7}]] Cos[e]

/

\Jc2-d? +/Cos[2e] - iSin[2e]

(«/cz—dz f+/Cos[2e] -iSin[2e]

™)

+ |8d? ArcTan[Sec|
2

[ Cos[e] iSin[e] J
\/c2-d? /Cos[2e] -iSin[2e] \/c2-d? /Cos[2e] -iSin[2e]

[—idsin[%] +icSin[e+-F7X])}

/(\/c -d?> f+/Cos[2e] -iSin[2e]

((—c+d)3 (c+d) (a+aSec[e+1‘:x])2 (c+dsecle+fx]

SinJfe]

|/
1)) -
|

2Cos[§+%"} (d+cCos[e+fx})ZSec[z} Sec[e +fx]4Sin

E

.F
il

2

3 (—c+d)2-F(a+aSec[e+fx]) (c+dSec[e+Fx})

e fx,3
Cos|—+ —]
2 2
(d+cCos[e+fx])ZSec[E]
2
Sec[e + fx]* —cSin[f—X]+4dSin[f—X])/
2 2

(3 (-c+d)’f (a+aSec[e+fx])? (c+dSec[e+fx])2) -

(4Cos[g+1c—x]4 (d+cCos[e+fx])Sec[e+fx]*
2 2

(d*sinfe] - cd? Sin[fx]))/

(c (-c+d)? (c+d) f(a+aSecle+fx])? (c+dSec[e+fx])?

(cOs[E} —Sin[g]) (cOs[E} +Sin[3]]) -

2 2 2 2
2Cos{§+f7x}2 (d+cCos[e+-Fx])ZSec[e+fx14Tan[§]

3(-c+d)®f(a+asSece+fx])? (c+dSec[e+fx])?

Problem 224: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + fx] dx

(a+aSec[e+1Cx])2 (c+dSec[e+1Cx])3
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Optimal (type 3, 284 leaves, 8 steps):
mTan“— (e+fx)w

c+d

d? (12c?+16 cd + 7 d?) ArcTanh]|

]

+

a? (c—d)g/2 (c+d>5/2-F

d(2c?-16cd-21d?) Tan[e + fx] (c-8d) Tan[e + fx]
+

6 a2 (c—d)3 (c+d) f (c+dSec[e+-Fx])2 3a? (c—d)zf (1+sec[e+fx]) (c+dSec[e+1‘:x1)2

Tan[e + f x] d<2c3—16c2d—59cd2—32d3)Tan[e+-Fx]

+

3(c-d)f (a+a5ec[e+1‘x})2 (c+dSec[e+1“x])2 6 a2 (c—d)4 (c+d)2f(c+d5ec[e+Fx1)

+

Result (type 3, 2220 leaves):

(12c2+16cd+7d2>Cos[E+f—X]4 (d+cCos[e+Fx])>

2 2

C
Sec[e+fx]° osfe]

4 i d? ArcTan|[Sec]| fx
2

ve2-d? +/Cos[2e] - iSin[2e]
iSin[e]

A b ST fx
(—ldSln[T] +icSinfe+ 7})] Cos[e]

/

\/c2-d? +/Cos[2e] -iSin[2e]

{x/cz—dz f+/Cos[2e] -1Sin[2e]

4 d* ArcTan[Sec| f_x}
2

Cos[e] iSinfe]

[\/cz—dz \/Cos[2e] -iSin[2e] /c2-d? +/Cos[2e] -1iSin[2e]

/

[—dein[f—X] +jcSin[e+f—X})} Sin[e]

|/

(\/cz—dz f+/Cos[2e] -iSin[2e]

((—c+d)4 (c+d)? (a+asSec[e+fx])? (c+dSec[e+fx])3) +

1
48 c2 (—c+d)4 (c:+d)21C (a+aSec[e+1‘:x])2 (c+dSec[e+-Fx])3
Cos|
e fx
< 5
2 2

(d+cCos[e+fx]) Sec[s]
2
Sec[e]
Sec[e+fx]®
-16c751n[f—x] +14c6d51n[f—x] +22@c5d251n[f—x} +334c4d351n[f—x} +
2 2 2 2
54c3d451n[F—X] -156c2d551n[f—x] -48cd651n[’c—x] +18d751n[f—x} +
2 2 2 2
fx

14c7Sin[3fX] —16c6dSin[3fX] —226c5dZSin[3 |-
2 2 2

532c4d3Sin[3fX] —583c3d4Sin[3fX] —232c2d55in[3fx] -
2 2 2
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6cd(’Sin{3fX} +6d7Sin[3fX] —12c7Sin{e—f—X] +20c6dSin[e—f—X} +
2 2 2 2
236 c®d?Sin[e - 1:—X] +628 c*d’Sin|e - f—x} +778 2 d*Sin|e - 1c—X] +
2 2 2
420c2dSSin[e—B] +48cd65in[e—ffx} —18d7Sin[e—B] +
2 2 2

12c7Sin[e+F—X] 7zec6d51n[e+f—x} —236c5d25in[e+f—x] -
2 2 2

460 c* d*>Sin|e + -F—X] -310 c* d*Sin[e + f_x} +39c?d°Sinfe+ -F—X] +
2 2 2

48cd65in[e+ffx} —18d7Sin[e+ffx} —16c7Sin[2e+B] +14c6dSin[2e+ffx} +
2 2 2 2

zzechZSin[2e+f—X} +502c4d3Sin[2e+f—X] +522c3d4Sin[2e+f—X] +
2 2 2

303c2dSSin[2e+F—X} +48cdﬁsin[2e+f—x] —18d7Sin[2e+F—X} -
2 2 2
]+

3fx 3fx 3fx
114 c* d Sinfe + | -159 2 d*sinfe + | 144 c?d>sin|e +
2 2 2

3fx

6c’Sinfe + X]+6c5dSin[e+3fX]+126c5dZSin[e+

]_

}716c5dsin[2e+

},

3fx
2

6cd®Sin|e+ HX] +6d’Sin[e+ 31cX] +14c’Sin[2e+ 3 fx

],

226 c®d*Sin[2e + BFX} -412c*d*sin(2e+ HX] -235c%d*sin[2e+ 3fx
2 2 2
7c?d>Sin[2e+ BFX} +6cd®Sin[2e+ 3fx} -6d’sin[2e+ fo} -
2 2 2
3fx
]+
3fx

2
2

6c’Sin[3e+ & X] +6c6dSin[3e+3FX] +126 c®d?Sin[3e+

3fx 3fx
234c*d®Sin|3e+ | +189 > d*sin[3e+

| +81c?d°Sin[3e+

] +

X] -14c®dSinfe+

]_

5fx
2

6cd6Sin[3e+3fX] 76d7Sin[3e+3fX] +6c’Sinle+ > | -

5fx
2
|+
12c®dsSin[2e+ Sfx} +42c>d?sin[2e+ Sfx} -48c*d’sin[2e+ > X
2 2 2
105 c> d* Sin[2 e + SFX} -27c*d®sin[2e+ SFX} +6cd®sin[2e+ > fx
2 2 2
5'Fx]

5fx

134 > d? Sinfe + BFX} -274c*d*sinfe+ 5fx] -193 cd*Sinfe +

fx

27 c*d°sinfe + Sfx] +6cd®Sinfe+ > | -6c’sin[2e+ > fx
2 2 2

},
|+

6c’Sin[3e+ Sfx] -14c®dsin[3e+ SFX} -134c*d*sin[3e+

202 c*d®Sin|3 e+ Sfx} -61c’d*sin[3e+ Sfx} +12c?d°Sin[3e+

] +

}_
5fx
2

6cd®Sin[3e+ SFX] -6c’Sin[4e+ SFX] +12c®dsin[de+
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a2 d?sinfde 5:’(] L24ctd*Sinfde s 512’-x] L27C dSin[des 512’-x] )
12c2d°sin[de SZX] ~6cdSsin[ae+ 5;"] L acsin[2es 712:x] )
14c®dsSin[2e+ 71;)(} -40c®d*sin[2e+ 71;)(} ~46c*d>sinf2e+ 71;x} .
126 @ sin[ze 7 X L3 @ sin[zes Y] 2act@sin[3es 7] -
123 d*sinf3e+ 7‘;"] +3c2d°sin[3e+ 7;)(} +4c’sinlde+ 71;)(} _
14c®dsin[de+ 7?‘} ~40c>d>sinf4e+ 7’;)‘} 22¢t P sinf4es 7?(}

Problem 225: Result more than twice size of optimal antiderivative.

jSec[eJrfx] (c+dSecle+fx])® 5
X

(a+aSec[e+1‘:x])3

Optimal (type 3, 363 leaves, 9 steps):

d® (46c®-90c?d+78cd?-23d*) ArcTanh[Sin[e + fx]] 1
2a3f 15a3f
1
2d (2c®>+18c*d+ 107’ d® - 472 c*d® + 456 c d* - 136 d°) Tan[e + fx] - ;
30a°f

d* (4c*+36c>d+216c*d® - 626 cd’ + 345d*) Sec[e+ fx] Tan[e+fx] -
d(2c>+18c?d+111cd?-136d*) (c+dSec[e+Ffx])*Tan[e+fx]

+

15a3 f
(c-d) (2c2+18cd+115d?) (c+dSec[e+-Fx])3Tan[e+fx}

+

15f (a® +a*Sec[e+fx])

(c-d) (2c+13d) (c+dSec[e+Fx])4Tan[e+fx] (c-d) <c+dSec[e+-Fx}>5Tan[e+Fx]

+

15af (a+aSecfe+fx])? 5f (a+aSec[e+fx])’

Result (type 3, 1338 leaves):
[4 (-40C3d® 90 c*d - 78 ¢ d® + 23 d°) Cos[ S+ X"
2 2

e fx e fx
C fx)3L C —+— | -Sin|—+ — ds f 6]
os[e+ fX] og[os[2+ 2] 1n[2+ 2]](c+ ec[e+ x]) /

(-F (d+cCos[e+Fx])6 <a+aSec[e+-Fx}>3) - [4(—40c3d3+90c2d4—78cd5+23d6>

Cos[3+B]GCos[e+fx]3Log[Cos[E+B] +Sin[g+ffXH (c+dSec[e+fx])6]/
2 2 2 2 2 2

(f (d+cCos[e+Fx])® (a+aSec[e+fx}>3) +

(2Cos[g+FfX]ZCos[lefx]:"Sec[E} (c+dsecle+fx])® (cssin[g} -6c°dSin S} +
2 2 2 2 2
15c4dZSin[E}—20c3d3sin[g}+15c2d4Sin[S}—6cdSSin[g]+dGSin[S]]/

2 2 2 2 2

| 103
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(51C (d+cCos[e+Fx])® (a+aSec[e+Fx])3> +

]+

15c4d251n[3} —70c3d3sin[g} +9ec2d451n[3} —51cd55in[g} +11dGSin[S])
2

2 2 2 2
(151‘(d+cCos[e+fx})6 (a+aSec[e+fx])3) +

(8Cos[g+B]4Cos[e+fx]35ec[g} (c+dsecle+fx])® (—4cssin[g] +9c®dsin|
2 2 2 2

N D

/

2CO5[E+F—X]Cos[e+-Fx]3Sec[S] (c+dsecle+fx])® CSSin[B]*5C5dSi"[B}+
2 2 2 2 2

15c4dzsin[’;x} 729c3d3sin[ffx] +15c2d4Sin[F—X] —6cdSSin[-F—X} +d651n[f—x})J/
2 2 2 2 2

(51‘ (d+cCos[e+Fx])° (a+aSec[e+fx])3) +

8Cos[g+F—X]3Cos[e+fx]35ec[g} (c+dSecle+fx])®

2 2 2

74c651n[f—x] +9c5dSin[f—X] +15c4d251n[1c—x} —70c3d3Sin[ffX} +90c2d451n[f—x] -
2 2 2 2

2
51cd55in["c—x} +11dGSin[f—X]J]/ (151c (d+cCosfe+fx])® (a+aSec[e+Fx])3) +
2 2

8Cos[g+-F—X]SCos[e+fx]3Sec[S} (c+dSec[e+~Fx})6
2 2 2

7c6Sin[F—X] +18c5dSin[-F—X] +3ec4d251n["c—x} —440c3d35in[f—x] +855c2d4Sin[-F—X] -
2 2 2 2 2

642 c d® Sin[f—x] +172d° Sin[F—X]
2 2

]/ (15f(d+cCos[e+fx})6 (a+aSec[e+fx])3) +

8d6Cos[§+ %"]GSec[e] (c+dsecle+fx])®sin[fx]

3f (d+cCos(e+fx])® (a+aSec[e+fx])>

e f
4Cos[—+—X]GCos[eﬂcx]ZSec[e} (c+dsecle+fx])®
2 2

(-18 cd®sin[e] +9d®Sin[e] - 90 c®>d*Sin[fx] + 108 c d® Sin[fx] -40d°® Sin[f x])

/

(3-F (d+cCos[e+fx])® (a+aSec[e+fx])3> +

e fx,6 6
(4Cos{—+—] Cos[e+fx] Sec[e] (c+dSec[e+fx])
2 2

(2d°sin[e] +18 cd®Sin[fx] -9d°Sin[fx]) /(31: (d+cCos[e+Fx])® (a+aSec[e+fx})3)

Problem 228: Result more than twice size of optimal antiderivative.

jSec[eﬂcx] (c+dSec[e+1Cx])3 4
X

(a+asSecle+fx])?

Optimal (type 3, 133 leaves, 6 steps):
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d®ArcTanh[Sin[e+fx]] (c-d) (c+dSec[e+fx])*Tan[e+fx]
+ +

a’f 5-F(a+aSec[e+Fx])3

((c-d) (2(2c*+8cd+11d?) + (2c2+11cd+29d?) Sec[e+-Fx})Tan[e+Fx])/
(15af(a+a$ec[e+fx])2)

Result (type 3, 295leaves):

1 1 6
[7240d3COS[— (e+fx)]
30a%f (1+Cos[e+fx])> 2

Log[Cos[% (e+fx)] —Sin[% (e+fx)]] —Log[Cos[% (e+fx)] +Sin{§ (e+fx)]]|+

(c-d) Cos[i (e+fx)] Sec[g}

3fx

[5 (8c?+17cd+294d?) Sin[f—x} -15 (2c®+5cd+5d?) Sin[e+f—x] +20c?Sinfe+ |+
2 2

3Fx]

2

5fx

]

. 3fx . 3fx . 3fx .
65cdSin|e+ | +95d?sin[e + | -15c?sin[2e+ | -15cdsinf[2e+

15d?Sin([2e+ HX] +7c2sin[2e+ SFX] +16cdSin[2e+ Sfx} +22d’Sin[2e+

Problem 231: Result unnecessarily involves imaginary or complex numbers.

J Sec[e + fX] q
%
(a+asSec[e+fx])’ (c+dSec[e+Ffx])

Optimal (type 3, 181 leaves, 7 steps):
MTanH (e+fx)w

2 d* ArcTanh | - ] Tan[e + £x]
- + +
a®(c-d)’"?/c+d f 5(c-d)f(a+aSecle+fx])>
(2c-7d) Tan[e + fx] (2c2-9cd+22d?) Tan[e + fx]

+

15a (cfd)z-F (a+aSec[e+fx})2 15 (c—d)3f(a3+a35ec[e+1:x])

Result (type 3, 345leaves):
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1

30a% (c-d)’f (1+Cos[e+fx])>
(iCos[e] +Sin[e]) (c Sinfe] + (-d+cCos[e]) Tan[%"”

2 - d2 \/ (Cos[e] -isSin[e])?

/(M@= [[costel —isintel)? | +sec| %]

2

Cos[1 (e+fx)]

480 d* ArcTan |
2

]

Cos[l (e+1‘x)}5 (i Cosfe] +Sinfe])
2

(5 (8 c?-27cd+37d?) Sin[f—x] -15 (2c?-7cd+9d?) Sin[e+f—x] +20c*sinfe+ 3 x
2 2 2

] _

. 3fx . 3fx . 3fx . 3fx
75cdSinfe+ | +115d?sinfe + | -15c?sin[2e+ | +45cdsinf[2e+ ] -
2 2 2 2
45d>Sin[2e+ BFX} +7c*sin(2e+ SFX} -24cdsin[2e+ SFX] +32d*sin[2e+ SFX}
2 2 2 2

Problem 232: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + fX] 4
X
(a+aSec[e+fx])? (c+dSec[e+Ffx])?

Optimal (type 3, 288 leaves, 8steps):

A/ c-d Tan[:—(eﬂ‘xw
2% (4c+3d) ArcTanh | — | d(2c-12c2da3cd? 724 Tanre s £x]
- + +

a® (c-d)%? (c+d)>?f 15a% (c-d)* (c+d) f (c+dSec[e+fx])

Tan[e + f x]

N
5(c-d)f(a+aSecle+fx])> (c+dSec[e+fx])

(2c-9d) Tan[e + fx]

+

15a (c—d)Z-F (a+aSec[e+1‘:x1)2 (c+dsecle+fx])
(2c2-12cd+45d?) Tan[e + f x]

15 (cfd)Sf (a®>+a*sec[e+fx]) (c+dSec[e+fx])

Result (type 3, 1772 leaves):

(4c+3d) Cos[ngF—X}6 (d+cCos[e+Fx])?
2 2

Cos[e]

Sec[e+fx]°

2

(16 i d® ArcTan|Sec]| f_x}

\/c2-d? +/Cos[2e] -iSin[2e]
i1Sin[e]

A 1 ST fx
(—ndsln[T] +icSinfe+ 7}]] Cos[e]

/

\c2-d? +/Cos[2e] - iSin[2e]

(x/cz—dz f+/Cos[2e] -1Sin[2e]

+

16 d* ArcTan[Sec| f_x}
2
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Cos[e] iSin[e]

Vc2-d? \/Cos[2e] -iSin[2e] c2-d? \/Cos[2e]-iSin[2e]

2 FZX }
J

[—dein[f—X] +jcSin[e+—}
/(x/cz—d2 f+/Cos[2e] -1Sin[2e] /

((—c+d)4 (c+d) (a+aSec[e+fx])> (c+dSec[e+fx]) )+

Sinfe]

1

120c (-c+d)* (c+d) f (a+aSec[e+fx])’ (c+dSecle+fx])?
Cos |

e fx

SRS

2 2

e
(d+cCos[e+fx]) Sec|—| Sec[e]

2
Sec[e+fx]°

_55c551n[f—x] +135c4d51n[F—X} -2ec3d251n[f—x} -810c2d351n[1c—x} -
2 2 2 2
|+

450cd451n[f—x} +150d551n[f—x] +47c551n[3fx] -137c“o|51n[31cX
2 2 2 2
3fx
|+

88c3d251n[3fx} +812c2d3Sin[3FX] +690 c d* Sin|

75d551n[3fx] —SOCSSin[e—B] +130c4dSin[e—B] —10c3dZSin[e7ffX] -
2 2 2
1030 c2 d* Sin|e - 1c—X] -990 c d* Sin|e - 1c—X] - 150 d° Sine - f—x} +
2 2 2

Secssin[e+f—x] —130c4dSin[e+f—X] +10c3dZSin{e+f—X] +
2 2 2

1030 c?d>Sin|e + 1C—X] +765cd*Sin[e + 1C—X] -150d°Sin|e+ f—x} -
2 2 2

55cssin[2e+ffx} +135c4dSin[2e+ffX} —20c3dZSin[2e+-FfX} -
2 2 2

810c2d3Sin[2e+F—X} —675cd4Sin[2e+f—X} —15GdSSin[2e+f—X} -
2 2 2

30 c>Sine + 3;)(} +90c*dsin|e+ 3:"] 667 d?sines 3'Zx] i

360 2 d> Sine + 3";)(} ~30cd*sinfe 3‘;‘] 75 @ sinfes 2FX]

47 c*sin[2e+ BEX} -137c*dsin[2e+ 3?] +88c>d?Sin[2e+ 3‘;)‘] .

812 c>d*Sin[2e+ 31;)(} +525cd*sin[2e+ BEX] 755 sin[2e + 3:x} .

30c°Sin[3e+ BEX} +90ctdsin[3e+ 3:)(] 603 d?sin[3e 3:x] )
3fx

360 c2d’Sin[3 e+ 3“} -195cd*Sin[3e+ 3”] -75d°Sin[3 e+
2 2 2

|+
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20c®Sine+ BFX} -76c*dsinfe+ 5fx] +106 ¢ d*Sin|e + BFX} +
2 2 2

346 2 ¢ sinfe+ 2 %] + 219 cd* sin[e+ 21X + 15d5 sinfe+ %]
2 2 2
S-Fx]
2
90 c?d*sin[2e+ HX] +75cd*Sin[2e+ Sfx} +15d°Sin|[2e+ 51CX] +
2 2 2
5fx
|+
2
346 c*d’Sin[3e+ Sfx} +144cd*Sin[3e+ Sfx] -15d°Sin[3e+ Sfx} -
] -

15c>Sin[2e+ Sfx} +45c*dsin[2e+ SFX] -30c*d?sin[2e+

- 5fx 4 . 5fx
20c®sin[3e+ | -76c*dsin[3e+

| +106 c>d*Sin[3 e+

2 2 2

| +45ctdsin[ae %] 30 d*sin[ae 2
2 2

90 c?d*sin[4e+ HX] -15d°Sin[4e+ SFX} +7c>sin[2e+ HX} -
2 2 2
7fx
2

} -

| +38c*d?sin[de+ HX} +72c?dSin[4e+ AR
2 2

. 5fx
15c¢ Sln[4e+

27c*dsin[2e+ 7”} +38c?d?Sin[2e+ 7”} +72c2d®Ssin[2e+

|+

7 fx

15cd*sin[2e+ HX} +15cd*Sin[3e+ 7“} +7c°Sin[4e+

4 . 7 fx
27 c dSln[4e+

]

Problem 233: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + f X] dx
(a+asSec[e+fx])’ (c+dSec[e+fx])>

Optimal (type 3, 368 leaves, 9 steps):
mTan[% (e+~Fx)}

d* (20c? + 30 cd+13d?) ArcTanh| ]
_ c+d N
a3 (C—d>11/2 <C+d>5/2'f:

d(4c®-30c?d+146 cd?+195d%) Tan[e + f x]

+

30a% (c-d)* (c+d) f (c+dSecle+fx])?

Tan[e + f x]

+

5(c-d)f(a+aSecle+fx])’ (c+dSecle+Fx])?

(2c-11d) Tan[e + fx]

+

15a (c-d)*f (a+aSecle+fx])? (c+dSec[e+fx])?
(2c?-15cd+76d?) Tan[e + fx]

N
15 (c-d)>f (a®+a’Sec[e+fx]) (c+dSec[e+fx])?

d(4c*-30c>d+142c?d?+525cd’ + 304 d*) Tan[e + f x]

30a% (c-d)° (c+d)?f (c+dSec[e+Fx])
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Result (type 3, 1096 leaves):
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4Cos[g+3}4 (d+cCos[e+fx])3Sec[S] Sec[e+fx]®
2 2 2

(15 (-c+d)*f (a+asSecle+fx])> (c+dSec[e+fx])3) +
fX; 6

(20c®+30cd+13d%) Cos[g+—] (d+cCos[e+-Fx}>3Sec[e+1cx]6
2 2

—8cSin[S] +23d51n[9}])/

2 2

fx Cos|e
8 i d® ArcTan|[Sec|— Le]

\/c2-d? +/Cos[2e] -iSin[2e]

iSin[e]

. . fx . . fx
(—Jldsln[?] +icSinfe+ 7}]] Cos[e]

/

\Jc2-d? +/Cos[2e] - iSin[2e]

[«/cz—dz f+/Cos[2e] -1iSin[2e]

)

2

- |8d* ArcTan|Sec]|

Cos[e] iSin[e]

_ -id
[\/czd2 \/Cos[2e] -1iSin[2e] \c2-d? /Cos[2e] -iSin[2e] (
/(\/szdz f+/Cos[2e] -1Sin[2e]

((—c+d)5(c+d)2(a+aSec[e+fx1)3(c+dSec[e+fx )

Sin[ffx] +jcSin[e+-FfX}

| sinfe]
2

|/

2Cos[§+%"} (d+cCosfe+fx])>sec|2] Sec[e+fx]6sin[£*]

e
2 2

N
5 (—c+d)3-F(a+aSec[e+1°x])3 (c+dSec[e+Fx1)
e fx,3
4Cos|[—+—]
2 2

(d+cCosfe+fx] ) Sec|— ]Sec e+ fx]®
2

1)/

(15 (-c+d)*f (a+asSec[e+fx])’ (c+dSec[e+fx])3) -

. fx f x
(—8c51n[—} +23d51n[—
2 2

8COS[E+F—X]S(d+cCos[e+fx]>3Sec[g} Sec[e + fx]°®
2 2 2
5. 1 TX . fx
7c Sln[7}744cd51n[2]+127d251n )]/
2

(15<—c+d)sf(a+aSec[e+fx])3(c+dSec [e+fX] )

e fx;,6 . .
4Cos[—+—] (d+cCos[e+fx])Secle] Sec[e+fx]® (dGSln[e]fcdSSln[fx]))/
2 2

(c2 (—c+d)4 (c+d) -F(a+aSec[e+1:x1)3 (c+dSec[e+fx})3) -
X 16

e f
4Cos[—+—] (d+cCos[e+fx])?Secle] Sec[e+fx]® (-11c*d°Sin[e] -
2 2

6cd®sin[e] +2d’Sin[e] +18c>d*Sin[fx] +6c*d®Sin[fx] - cd®Sin[fx])

/

(c2 (-c+d)® (c+d)?f (a+aSec[e+Ffx])> (c+dSec[e+Fx})3) -

2Cos[§+%"}2 (d+cCos[e+-Fx])3Sec[e+fx]6Tan[§]

5 (—c+d)3-F(a+aSec[e+1‘:x])3 (c+dSec[e+1‘:x1)3
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Problem 239: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(gSec[e+-Fx])3/2\/a+a5ec[e+fx]

dx
c+dSec[e+fx]
Optimal (type 3, 149leaves, 5steps):
2 \/? g3/2 Ar‘cTanh[ a /g Tan[e+fx]
\/g Sec[e+f x] \/a+a Sec[e+f x]
df
2+/a +/c g¥2ArcTanh [ a e vg Tanlerf x]
A/ c+d \/gSec [e+f Xx] Ja+a Sec[e+f x]
dvc+d f
Result (type 3, 427 leaves):
1

4(i+\/?) dvc+d fv/gSec[e+fx]

Zx/mAr*cTan[COS[i (e fx)] - (_1+\/?) Sin[ 7 (e+fx)] ]+

(1+\/7) Cos[i (e+fx)] 7Sin[i (e+fx)]

(—2]'1+\/?) g?

e P L) el el Bl i A I

(71+\/7> Cos[i (e+fx)] 7Sin[i (e+fx)]

i [2\/c+d Log[x/?+2$in[% (e+fx)]] -
mLog[Z—\/?Cos[i (e+fx)] —ﬁsin[i (e+fx)]]-
Ve Log[2+ 2 Cos [ (e fx)] VT sin[ > [erfx]]] +2v/C

Log[V2 /e d ~2v/c sin[ (e x)]] -

2+/c Log[v2 Vc+d +2+/c Sin|

N |

(e+fx)“]

Sec|

N |

(e+fx)] \/a (1+secfe+fx])

Problem 243: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(gsec[e+fx])*>?

dx

J\/a+aSec[e+1:x1 (c+dsecle+fx])

Optimal (type 3, 231 leaves, 8 steps):



112 | Mathematica 11.3 Integration Test Results for 4.5.2.3 (g sec)”p (a+b sec)™m (c+d sec)”™n.nb

2g5/2 Ar‘cTanh[ a /g Tan[e+fx] ] \/7 g>/2 Ar‘cTanh[ a /g Tanfe+fx]
\/g Sec[e+fx] \/a+a Sec[e+f x] \/7\/g5ec[e+fx] \/a+a Sec[e+f x]
+
Va df Va (c-d)f
2 c3/2 g5/2 Ar‘cTanh[ a C g Tan[e+fXx]

\ c+d \/gSec[en:x] \/a+aSec[e+Fx]
Va (c-d)dVc+d f

Result (type 3, 1097 leaves):
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1
2 (1‘1+\/7) d(-c+d)Vc+d -F\/a (1+Secle+fx])

Cos[i (e+fx)] - (—1+\/7) Sin[i (e+Fx)]

g?Cos|[ =~ (e+fx)]

N |

-2 (—21‘1+\/7) (c-d) Vc+d ArcTan|

(1+\/?) Cos[ 2 (e+fx)] —Sin[i (e+fx)]

Cos[i— (e+fx)] - (1+\/7) Sin[i (e+Fx)]

(—1+\/7) Cos[ (e+-FxH —Sin[ (e+Fx)]

1 1
4 4

2(_2j+\/7) (c-d) Vc+d ArcTan| ] +

4id/c+d Log[Cos|[~ (e+fx)|-Sin[~ (e+fx)]]+

R
F

47 4T Log[cos L (e +x)] ~sin[2 (esx)]] -

PN
PN

4id~/c+d Log[Cos[~ (e+Fx)]|+Sin[= (e+fx)]]-

FNQUPN
PN
L=

[

4ﬁdmLog[Cos[Z (e+fx)]+sin[~ (e+fx)]] -

4

4cmLog[\/7+ZSin[§ (e+fx)]] —21\/7cmLog[\/7+2Sin[% (e« fx)]]+
4dmLog[\/7+2Sin[§ (e+fx)]] +21\/7dmLog[\E+zsin[% (e+fx)]] +
ZCWLog[z—\ECos[g(e+Fx”—\/?Sin[§(e+fx)H+
i\/?cmLog[Z—\/?Cos[g(e+fx)}—ﬁsin[§(e+fx)“—
Zd\mLog[Z—\ECos[i(e+fx)}—x/7$in[%(e+fx)“—
iﬁdmLog[Z—\ECos[i(e+-FxH7\/?Sin[§(e+-Fx)H+
2cﬁLog[2+\ECos[§(e+Fx”—\/TSin[%(e+-Fx)H+
iﬁcmmg[pﬁcos[%(e+fx)}_ﬁsin[§(e+fx)]}_

2d+Vc+d Log[2+\/7Cos[§ (e+fx)] —\/Tsin[i (e+fx)]] -
iv2 dVec+d Log[2++/2 Cos|

N |

(e+fx)] —\/?Sin[i (e+fx)]]-

B

4c3/2Log[x/?x/c+d—2\/?Sin (e+-Fx)H—21'L\Ec3/2
2

Log[\/?\/c+d —2\/?Sin[§ (e+fx)H +4c3/2Log[\/7\/c+d +2\/?Sin[§ (e+fx)“ +

21'1\5C3/2Log[\/?\/c+d +2\/?Sin[1 <e+-Fx)H v gSec[e+fx]
2
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Problem 245: Result more than twice size of optimal antiderivative.

3

JSec[ewa} (a+bsec[e+fx]) (c+dSec[e+fx])”dx

Optimal (type 3, 180leaves, 7 steps):
(8ac®+12bc?d+12acd?+3bd?) ArcTanh[Sin[e + fx] ]

+

8f
(4ad (4c2+d?) +3b (c3+4cd?)) Tan[e + fx]
6f '
d(6bc?+20acd+9bd?) Sec[e+fx] Tan[e +fx]
24 "
(3bc+4ad) (c+dSecle+fx])?Tan[e+fx] b (c+dSecle+fx])’>Tan[e+fx]
12 f " 4 f

Result (type 3, 1179 leaves):

[(—8ac3—12bc2d—12acd2—3bd3) Cos[e+-Fx}“Log[Cos[1 (e+fx)]-sin]
2

N |

(e+‘FX>H
(a+bsSec[e+fx]) (c+dSec[e+fx])3J/(8F(b+aCos[e+fx]) (d+cCos[e+fx])3) +
((8ac3+12bc2d+12acd2+3bd3)Cos[e+-Fx}4Log[Cos[l(e+fx)]+sin[l(e+-Fx)H
2 2

(a+bsSec[e+fx]) (c+dSec[e+fx])3J/(8F(b+aCos[e+fx]) (d+cCos[e+fx])3) +

.

(bd3Cos[e+fx}4 (a+bsecle+fx]) (c+dSec[e+fx}>3)/

Cos[% (e+fx)] —Sin[% (e+fx)]

((36bc2d+36acd2+12bcd2+4ad3+9bd3) Cosle+fx]*

[16f(b+aCos[e+fx}> (d+ccCosfe+fx])?

(a+bSec[e+fx]) (c+dSec[e+fx])3)/

[48f(b+aCos[e+fx}> (d+ccCosfe+fx])?

|
.

Cos[% (e+fx)] —Sin[% (e+fx)]

(bd3Cos[e+fx}4 (a+bSec[e+fx]) (c+dSec[e+fx})3)/

Cos[% (e+fx)] +Sin[§ (e+fx)]

[16f(b+aCos[e+fx}) (d+cCosfe+fx])?
((—36bc2d—36acd2—12bcd2—4ad3—9bd3)

Cos[e+fx]* (a+bSec[e+fx]) (c+dSec[e+fx])3)/

Cos[% (e+fx)] +Sin[§ (e+fx)]

3

[48f(b+aCos[e+fx}) (d+cCosfe+fx])?

3

(COS[E+'FX]4 (a+bsSec[e+fx]) (c+dSecle+fx])

(e+fx)})]/

[3bcdzsin[ (e+fx)]+ad®sin]

N |
N |
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3
{6-F(b+aCos[e+fx]) (d+cCos[e+Fx])? Cos[1<e+fx)]—5in[l(e+fx” J+
2 2
(Cos[e+-Fx]4 (a+bsecle+fx]) (c+dSec[e+-Fx])3
1 1
3bcd?Sin|— +f +ad3sin| = +f J
( c 1n[2(e x” a 1n[2(e XH /
3
[6-F(b+aCos[e+fx]) (d+cCos[e+fx])3 Cos[l<e+fx)]+sin{l(e+-FxH )+
2 2
Cos[e+fx]* (a+bSecle+fx]) (c+dSec[e+Fx])3 (3bc3‘Sin[1 (e+-Fx>] +
2
1 1 1
9ac’dsin|= (e+fx)]| +6bcd>Sin[= (e+fx)|+2ad®Sin[= (e+f ]
ac 1n[2<e X)] c 1n[2 (e x)] a 1n[2 (e x” /
[3-F(b+aCos[e+fx]) (d+c(:os[e+~l:x])3 Cos[l<e+fx)]—sin[l(e+1cx” ]+
2 2
Cos[e+fx]* (a+bSecle+fx]) (CerSec[eercx])3 (3bc3Sin[1 (e+fx>] +
2

)/
|

9ac2<151n[1 (e+fx)] +6t>cdzsin[1 (e+fx)]+2ad®sin[~ (e+fX) ]|
2 2 2

Cos[% (e+fx)] +Sin[§ (e+fx)]

[3f (b+acCos[e+fx]) (d+cCos[e+fx])>

Problem 246: Result more than twice size of optimal antiderivative.

JSGC[E-%—'FX] (a+bsecle+fx]) (c+dSec[e+fx})2d1x

Optimal (type 3, 115leaves, 6 steps):

(2bcd+a (2c?+d?)) ArcTanh[Sin[e+fx]] 2 (3acd+b (c?+d?)) Tan[e+fx]

+

+

2 f 3f
d(2bc+3ad) Sec[e+fx] Tan[e +fx] b(c+dSec[e+-Fx})2Tan[e+fx]
6f 3f
Result (type 3, 239 leaves):
iSec[e+1‘:x]3(—2(2bcd+a(2c2+d2))Cos[e+1‘:x]
6f 4
1 1 1 .1
(Log[Cos{E(e+-FxH—Sln[;<e+fx)H—Log[Cos[;(e+Fx)]+Sln[;(e+fx>H)—
z(2bcd+a(2c2+d2))Cos[3(e+1:x)]
4
1 o1 1 .1
(Log[Cos[g(e+-FxH—Sln[g<e+-Fx)H—Log[Cos[;(eJr-Fx)]JrSln[g(e+-Fx>H)+

(3bc>+6acd+4bd?>+3d (2bc+ad) Cos[e+fx]+ (3bc?+6acd+2bd?) Cos[2 (e+fx)])

Sin[e + fx]
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Problem 247: Result more than twice size of optimal antiderivative.

JSec[ewa} (a+bsec[e+fx]) (c+dSec[e+fx]) dx

Optimal (type 3, 61 leaves, 5steps):

(2ac+bd) ArcTanh[Sin[e+fx]] (bc+ad) Tan[e+fX]
+

bdSec[e+fx] Tan[e + f X]
v
2f f

2f

Result (type 3, 164 leaves):

i 2 (2ac+bd) Log[Cos[% (e £x)] _Sin[% (erfx)]] +
4acLog[Cos[§ (e+fx)] +Sin[% (e+fx)]]+
2deog[Cos[1(e+fx)]+$in[1(e+1‘:x)”+ bd S
2 2 (Cos[i(e+fx>]—sin[i(e+fx)}>
bd

+4 (bc+ad) Tan[e + fx]
(Cos[i (e+fx)] +Sin[i (e+fx)])2

Problem 252: Result more than twice size of optimal antiderivative.

JSec[eﬂcx] (c+dSec[e+1‘:x])4

a+bSec[e+fx]

dx

Optimal (type 3, 247 leaves, 12 steps):
d® (4bc-ad) ArcTanh[Sin[e + f x] ]

+

2b%2f
d(2bc-ad) (2b>c?-2abcd+a?d?) ArcTanh[Sin[e + fx]]
N
b4 f
A/ a-b Tan[l (e+fx)}

4 2

2 (bc-ad)®ArcTanh| — ] d* Tan[e + £ x]
+ +
Va-b b*v/a+b f b f

d? (6b?c?-4abcd+a*d*) Tan[e+fx] d®(4bc-ad)Secle+fx]Tan[e+fx] d*Tan[e+fx]3
+ +
b* £

2b2f 3bf

Result (type 3, 1150 leaves):
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1
(-a+b) Tan[; (e+fx) |
4/a27b2
/ (b4\/a27b2 f(d+cCos[e+fx])* (a+bSec[e+Fx])
((—8b3c3d+12ab2c2d2—8a2bcd3—4b3cd3+2a3d4+ab2d4) Cos[e+fx]3

(e+Fx)]] (c+dSec[e+fx])4]/

2 (bc-ad)*ArcTanh| | Cosfe+fx]? (b+aCos[e+fx])

(c+dsecle+fx])* +

(b+acCos[e+fx]) Log[Cos[1 (e+fx)]-sin]
2

N |

(2b4f<d+cCos[e+fXJ)4 (a+bSec[e+fx])) *

((8b3c3d—12abzc2d2+8a2bcd3+4b3cd3—2a3d4—ab2d4) Cos[e + fx]3

(b+acCos[e+fx]) Log[Cos[% (e+fx)] +Sin[§ (e+fx)]] (c+dSec[e+fx])4]/

(2b4f(d+cCos[e+fX})4 (a+bSec[e+‘FX])) +

((12bcd3—3ad4+bd4) Cos[e+fx]? (b+aCos[e+fx]) (c+dSec[e+fx}>4)/

Cos[% (e+fx)] —Sin[% (e+Fx)]

/

<e+-Fx)] —Sin[% (e+-FxH

/

COS[% (e+fx)] +Sin[§ (e+-FxH)3) +
2]+

|/
).

/
|

[12b2F (d+cCos[e+Fx])4 (a+bsec[e+fx])

3
3

(d4COS[e+'FX]3 (b+acCos[e+fx]) (c+dSec[e+1‘x})451n[1 (e+fx)]
2

[6bf (d+cCos[e+fx])* (a+bSec[e+Ffx]) |Cos|

N |

(d4Cos[e+fx]3 (b+acCos[e+fx]) (c+dSec[e+1‘x})451n[1 (e+fx)]
2

[be (d+cCos[e+1‘:x])4 (a+bsecle+fx])

((—12bcd3+3ad4—bd4) Cos[e+fx]> (b+aCos[e+fx]) (c+dSec[e+-Fx])4)/

{12b21:(d+cCos[e+-Fx])4(a+bSec[e+Fx1) Cos[ = (e+fx)]|+Sin[= (e+fx)]

N |

N |

18b2c2dZSin[1 <e+fx)] -

Cos[e+fx]® (b+aCos[e+fx]) (c+dSec[e+fx])*
2

12a|:,cd351n[1 (e+fx)] +3a2d451n[1 (e+fx)] +2|:,2d451n[1 (e+fx)]
2 2 2

[3b3f(d+cCos[e+fx}>4 (a+bsec[e+fx])

Cos[% (e+fx)] 7Sin[§ (e+fx)]

1s|:>2c2dzsin[1 (e+fx)] -

Cos[e+fx] (b+raCos[e+fx]) (c+dSec[e+fx])*
2

12abcd351n[1 (e+fx)] +3azd451n[1 (e+fx)] +2|:,2d451n[1 (e+fx)]
2 2 2

|

(3b31=(d+cCos[e+1cx}>4 (a+bsec[e+fx])

Cos[i (e+fx)] +Sin[§ (e+fx)]
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Problem 253: Result more than twice size of optimal antiderivative.

JSec[eJrfx] (c+dSec[e+-Fx])3 4
X

a+bSec[e+fx]

Optimal (type 3, 170leaves, 10 steps):
d®ArcTanh[Sin[e+fx]] d (3b%c?-3abcd+a?d?) ArcTanh[Sin[e+fx]]
+ +

2bf b3 f
mTan“— (e+fx)w }

a+b

3
2 (bc-ad)’ArcTanh| d? (3bc-ad) Tan[e+fx] d3Sec[e+fx] Tan[e+fx]

+ +

va-b b3+/a+b f b2 f 2bf

Result (type 3, 389 leaves):
1

4b3-F<d+cCos[e+1"x})3 (a+bsecle+fx])

1
8 (_bc+ad)3Ar‘CTanh[ Sl Tan{Q(e*fX)]]
2_p2
Cos[e+fx]2<b+aCos[e+fx}> (c+dSec[e+1cX]>3 S )

4/a27b2

2d (-6abcd+2a’d?+b? (6c*+d?)) Log[Cos[1 (e+fx)] —Sin[1 (e+fx)]]+
2 2

2d (-6abcd+2a’d>+b? (6c*+d?)) Log{Cos[l (e+fx)] +Sin[l (e+fx)]]+
2 2
b2 g3 4bd? (3bc-ad)sin[? (e+fx)]
+

(Cos[% (e+fx)]-sin[> (e+fx)])2 Cos [} (e+fx)]-sin[] (e+Ffx)]

b2 d3 4 b d? (3bc—ad)Sin[
+

(Cos[% (e+Fx)] +Sin[i (e+fx)])2 Cos[i (e+fx)] +sin|

(e+-Fx)]

(e+'FXH

N [N

Problem 258: Result more than twice size of optimal antiderivative.

JSec[eﬂcx] (c+dSec[e+fx])° 5
X

(a+bSecle+fx])?

Optimal (type 3, 379 leaves, 16 steps):
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d* (5bc-2ad) ArcTanh[Sin[e + fx]]

+

2b3 f
d? (18b>c®-20ab?c?d+15a%bcd?-4a*d?) ArcTanh([Sin[e + f x]]
b £ '

2 (bc—ad)5Ar‘cTanh[vaf_bTana[imﬁxw | 2(bc-ad)*(bc+4ad) Ar‘cTanh[mTanji(eﬁxw ]

a(a-b)*?b* (a+b)??f ) ava-b b5a+b f _

bc—ad)ssin[e+-Fx] +dSTan[eﬂcx] +d3 (1eb*c?-10abcd+3a*d?) Tan[e + fx] .
b* (a2-b2)  (b+aCos[e+fx]) b2 b
d4(5bc72ad)Sec[e+-Fx] Tan[e+fx] d5Tan[e+fx]3

2b3 f : 3b%2f

Result (type 3, 1137 leaves):
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|

(-a+b) Tan[i (e+Fx)]

/

(bsx/az—b2 (-a2+b?) f (d+cCos[e+fx])® (a+bSec[e+fx])?

2(bc-ad)* (-abc-4a’d+5b2d) ArcTanh|

2

Cos[e+fx]® (b+aCos[e+fx])? (c+dSec[e+Ffx])®

+

((—20b3c3d2+40ab2c2d3—30a2bcd4—5b3cd4+8a3d5+2ab2d5) Cos[e+fx]3

(b+aCos[e+fx])2Log[Cos[§ (e+fx)] 7Sin[§ (e+Fx)]] <c+dSec[e+fx})5)/

(2b5f<d+cCos[e+fx})5 (a+bSec[e+fx])2) +
((20b3c3d2—40ab2c2d3+30a2bcd4+5b3cd“—8a3d5—2ab2d5>Cos[e+1‘:x]3

(b+aCos[e+fx])2Log[Cos[l (e+Fx)] +Sin[1 (e+Fx)]] <c+dSec[e+fx}>5)/
2 2

(2b°F (d+cCose+fx])® (a+bSecle+fx])?) +
1

24b* (-a%+b2) f (d+cCos[e+fx])° (a+bSec[e+fx])?
(b+aCos[e+fx]) (c+dSec[e+fx])®
(-60a*b*>c?d’Sinfe+ fx] +60b>c*d>Sin[e+fx] +45a’ b’ cd*Sinfe+fx] -

45ab*cd*Sinfe+fx] -12a*bd°Sinfe+ fx] +12b°d>Sin[e + fx] + 6b> c* Sin|[2 (e+fx” -
30ab*c*dSin[2 (e+fx)] +60a’b>c>d?Sin[2 (e+fx)] -120a°b? c2d®>Sin[2 (e+fx) ]| +
60ab*c?d*Sin[2 (e+fx)|+90a*bcd*Sin[2 (e+fx)]-90a’b>cd*Sin[2 (e+fx) ]+
30b° cd*Sin[2 (e+fx) | -24a°d°Sin[2 (e+fx)|+22a*b?d°Sin[2 (e+Fx)] -
4ab*d®sin[2 (e+fx)] -60a2b>c®d®Sin([3 (e+fx)] +60b°c?d®*Sin[3 (e+fx) ]|+
45a*b?cd*sin[3 (e+fx)] -45ab*cd*sSin[3 (e+fx)]|-12a%bd*Sin[3 (e+fx)] +
8a’b>d°Sin(3 (e+fx) ] +4b°d>Sin[3 (e+fx)]| +3b°c®Sin[4 (e+fx)] -
15ab*c*dsSin|4 (e+-FxH +30a?b?>c*d?sin[4 (e+-Fx)] -60a’b?c?d*sin[4 <e+-Fx)] +
30ab*c?d®Sin[4 (e+fx) | +45a*bcd*sin[4 (e+fx)] -30a’b’cd*Sin[4 (e+fx)] -
12a°d®°Sin[4 (e+fx) | +7a’b?d*Sin[4 (e+fx)| +2ab*d>Sin[4 (e+fx)])

Problem 264: Unable to integrate problem.

Sec[e+fx] Va+bSec[e+fx]
J dx

c+dSec[e+fXx]

Optimal (type 4, 213 leaves, 3 steps):
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i2\/a+b Cot[e +fx] EllipticF[Ar‘cSin[\/a+bsec[e+fx} , a+b]
df Jaib a-b
b (1-Sec[e+fx]) b (1+Sec[e+fx])
a+b a-b
2 (bc-ad) Ellipticei| 2d ,Arcsin[\/lfsec[eJrfx} 1, 2b ]\/a+bSec[e+fx}
c+d V2 a+b a+b
Tan[e + f x] /(d (c+d) f+/a+bSec[e+fx] —Tan[e+1:x12)
Result (type 8, 35leaves):
Sec[e+fx] Va+bSec[e+fx] dx
J c+dSec[e+ fXx]
Problem 265: Unable to integrate problem.
Sec[e+fx] Va+bSec[e+fx]
J dx
Jc+dSec[e + fx]
Optimal (type 4, 196 leaves, 1step):
o
d |2 f
c+d
ah ds f
b (c+d) Ca Verdseclerfxl b (cq)
2Cot[e+fx] EllipticPi] , ArcSin| ]s ]
(a+b)d Va+bsec[e+fx] (a+b) (c-d)

(a+bsSecle+fx])

\/_ (bc-ad) (1-sec[e+fx]) \/ (bc-ad) (1+Secle+fx])

(c+d) (a+bsecle+fx]) (c-d) (a+bsecfe+fx])

Result (type 8, 37 leaves):

dx

jSec[eﬂcx] vJa+bSecle+ fx]
vc+dSecle+ fx]

Problem 269: Unable to integrate problem.

Sec[e +fx]?

dx

J\/a+bSec[e+1:x1 vc+dSecle+ fx]

Optimal (type 4, 396 leaves, 3 steps):
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1

bd |22 f
c+d

2Cot[e+fx] EllipticPi|

b (e d) | ﬁ\/c+d5ec[e+1‘:x]
,Ar‘cSm[ }:
(a+b)d \/a+bSec[E+'FX} (a+b) (c—d)

\/_ (bc-ad) (1-secle+fx]) \/ (bc-ad) (1+Secfe+fx])

(a+bsecle+fx]) -
(c+d) (a+bsecle+fx]) (c-d) (a+bsecle+fx])

ve+d Va+bSec[e+ fx]
va+b \/C+dSeC[e+'FX] <a_b> <c+d>

[2 av/a+b Cot[e+fx] EllipticF[ArcSin]

\/ (bc-ad) (1-sec[e+fx]) \/_ (bc-ad) (1+Sec[e+fx])

(a+b) (c+dsecle+fx]) (a-b) (c+dsecle+fx])

(c+dsecle+fx])

/(bm(bc—ad)f)

Result (type 8, 39leaves):

Sec[e +fx]?

dx

J\/a+bSec[e+1Cx} vc+dSecle + fx]

Problem 270: Result unnecessarily involves imaginary or complex numbers.

(gsec[e+fx])**~/c+dSec[e+fx]
dx
j a+bSec[e+fXx]

Optimal (type 4, 170leaves, 7 steps):

2dg | deccoslefxl g113pticpif2, % (e+Fx), :—cd] gSec[e+ fx]

c+d

bf+c+dSec[e+fx]

d+cCos[e+fx] .. _.r 2a c
2(bc-ad)g EllipticPi| }\/gSec[eﬂcx]/

c+d a+b 2 c+d

(b (a+b) f+/c+dSec[e+fx] )

Result (type 4, 223 leaves):
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\/ ¢ (-1+Cosfe+fx]) \/c<1+Cos[e+fx])
“ll2ig |- Cot[e + fXx]
c+d c-d

s i P c . . -c+d
EllipticPi[1- —, i ArcSinh| Vd+cCosfe+fx] |, | -
d c-d c+d
s s s a<‘c+d) . . -c+d
E111pt1cP1[7,1Ar‘c51nh[ \/d+cCos[e+fx] ],
-bc+ad c-d c+d

1

gSec[e+fx] Vc+dSec[e+fx] /b f+/d+cCos[e+fx]

c-d

Problem 272: Result unnecessarily involves imaginary or complex numbers.

j\/gSec[eﬂcx] Jc+dSecle + fx] dx

a+bCos[e+fx]

Optimal (type 4, 168 leaves, 8 steps):

zd\/i drecoslectxl E114pticPi[2, ¥ (e+fx), 2¢] /gSec[e+fx]

af+/c+dSec[e+fx]

+

1

d+cCosfe+fXx] .. .- 2b C
2 (ac-bd) EllipticPi| » — (e+fx), ]\/gSec[eﬂcx]/

c+d a+b 2 c+d

(a (a+b) f+/c+dSec[e+fx] )

Result (type 4, 222 leaves):

\/ c(-1+Cosfe+fx]) \/c(1+Cos[e+fx])
-|121 |- Cot[e + fx]

c+d c-d

L. d . -c+d
ElllpthPl[l——,jAr‘cSmh[ \/d+cCos[e+ fx] ], ]—
d c-d c+d
. . . b<*C+d) . . —c+d
EllipticPi[ ————-, i ArcSinh| Vd+cCosfe+fx] |,
-ac+bd c-d c+d

1

VgsSec[e+fx] Vc+dSec[e+fx] /a f+/d+cCos[e+fx]

c-d
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Problem 273: Result more than twice size of optimal antiderivative.

JSec[eﬂcx] vJa+bSecle+fx] 4
X

c+cSecle+fXx]

Optimal (type 4, 95leaves, 1step):

EllipticE[Ar‘cSin[M}, ﬂ} —31  Ja+bSec[e+fx]
1+Sec[e+f x] a+b 1+Sec[e+f x]

cf a+b Secle+f x]
(a+b) (1+Sec[e+fx])

Result (type 4, 1999 leaves):

e fx,2 . 1
Cos[—+—| Secle+fx]Va+bSecl[e+fx] 7251n[e+Fx}+2Tan[£(e+fx)] )/
2 2
(f(c+csecle+fx]))+
b a+/Sec[e+fx]

Cos[SJr-F—X]zSec[l(emcx)}s +
2

+

2 2

b+/Sec[e + fx] acCos|[2 (e+fx)]~/Sec[e+fx]
+
vb+acCos[e+fx] v/b+acCos[e+fx]
\/Sec[e+fx] V1+Sec[e+fx] Va+bSec[e+fx]

2 1+Cosf[e+fx] 2

b+aCos[e+fx] 1 3
K - £ S 3 P
a+b) (1+Cos[e+fx [ 1n{2(e+ x) ]+ 1n[2<e+ x) | /
( )( [ ])
4f[; 3/2 b+aCos[e+fx] (
c+cSec[e+fx])
1+Cos[e+fx] (a+b) (1+Cos[e+fx])

- | |asec] (e+Fx)}5\/1+Sec[e+Fx] Sinfe + f x]

N |

2 1+Cosfe+fx] 2

2Cos[1 (e+fx)] \/ _Cosfe~fx] EllipticE [Ar‘cSin[Tan[1 (e+fx)]]

vb+aCos[e+fx] VSec[e+fx] +b+aCos[e+Fx]

-b

a+b

2Cos[1 (e+fx)] \/M EllipticE[Ar‘cSin[Tan[1 (e+fx)]],

a-b

a+b

+
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(e+-FxH +Sin| (e+Fx)]

N R
N W

/

] *

b+acCos[e+fXx] .
(me[
(a+b) (1+Cos[e+fx])
1
i rormror
1+Cos[e+fx]

3/2 b+acCos[e+fx]
b+acCos[e+fx]
a+b) (1+Cosfe+fx]
(a+b) | )

3vVb+aCos[e+fx] Sec| (e+fx)]5\/1+5ec[e+fx] Sin[e + f x]

N |

|+

1 Cos[e + fXx] L. X 1 a-b
os|— (e+fx _— iptic rcSin|Tan| — (e+ fx ,
2Cos[ =~ (e+fx) | EllipticE[ArcSin|[Tan| = (e+fx)]]
2 1+Cosfe+fx] 2 a+b

(e+-Fx)]

N W

(a+b) (1+Cos[e+fx]) 2
8 1 b+aCos[e+fXx]
1+Cos[e+fx] (a+b) (1+Cos[e+fx])

[\/b+aCos[e+-Fx] Sec|

\/ b+acCos[e+fXx] (7sin[1(6+fx>}+5i”[

/

(e+fx)}5\/1+5ec[e+fx]

N |

asinfe+ fx] (b+aCos[e+fx])Sinfe+fx]

- +
{ (a+b) (1+Cos[e+Fx]) (a+b) (1+Cos[e+1cx])2

|+

2 1+Cosfe+fx] 2 a+b

/

2Cos[l (e+fx)] \/M EllipticE[Ar‘cSin{Tan[l (e+fx)]], a-b

(e+-Fx)]

\/( b+acCos[e+fXx] (7sin[1(e+fXH+Si”[

a+b) (1+Cos[e+fx]) 2
3/2
]+

5+vb+acCos[e+fx] Sec[l (e+fx)]5\/1+5ec[e+fx]

N W

1 3/2

8[ b+acCos[e+fx]
1+Cos[e+fx]

(a+b) (1+Cos[e+fx])

2
ZCOS[l(eJr-Fx)]\/COS[eJr-FX] EllipticE[Ar‘cSin[Tan[l(e+-Fx)H, -5 +
2 1+ Cos[e+fx] 2 a+b

b+acCos[e+fXx] e .3
(—Sln[— (e+fx)]+sin[= (e+fx)]
(a+b) (1+COS[e+'FX}> 2 2
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1

1
Tan[—(eﬂcx” 8[1+Cos[e+fx}

2

/

3/2 b+acCos[e+fx]
(a+b) (1+Cos[e+fx])

v/b+acCos[e+fx]

1

4 3/2 b+a Cos [e+f x]
1+Cos e+fx (a+b) (1+Cos[e+fx])

Sec[1 <e+fx)] v1+Sec[e+fx]
2

b+acCos[e+fx] 1 1 3 3
(—fCos[f(e+Fx)]+—Cos[—<e+fx)] -
(a+b) (1+Cos[e+fx]) 2 2 2 2
\/M E11ip'|:icE[Ar‘cSin[Tan[1 (e+fx)]], — ] Sin[l (e+fx)]+
1+ Cos[e+fx] 2 a+b 2

= Cos[1 (e+fx)] Ellip‘cicE[Ar‘cSin[Tan[E (e+fx)]], a-b
Cos[e+f x] 2 2 a+b

1+Cos [e+f x]

Cos[e+fx] Sin[e+fXx] Sin[e + f x]
(1+Cos[e+fx])? _1+Cos[e+fx}
asSinf[e + fx] (b+acCos[e+fx])Sin[e+fx]
[(_ (a+b) (1+Cos[e+Fx])+ (a+b) (1+Cosle+fx])?

+

[—Sin[% (e+-FxH +Sin[§ <e+fx)]

/ ) b +acCos[e+fXx]
(a+b) (1+Cos[e+fx])

Cos[e+f x Sec[% <e+'FX>] \/1_ (a-b) Tan{;(e#x)]z

1+Cos [e+f x] a+b

JlTanB (e+fx)]?

[\/b+aCos[e+-Fx] Sec[1 (e+-FxHSSec[e+-Fx]

2

2Cos[l (e+fx)] _Cos[exfx] EllipticE[Ar‘cSin[Tan[l (e+fx)]], a—b} +
2 1+Cosfe+fx] 2
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braCosfefx] (—Sin[l(e+fx)}+sin[i(e+-Fx)] Tan[e+-Fx]/
(a+b) (1+Cos[e+fx]) 2 2
1 3/2 b+acCos[e+fx]
8[— \1+Sec[e+fx]
1+Cos[e+fx] (a+b) (1+Cos[e+fx])

Problem 274: Unable to integrate problem.

(gSec[e+Fx])3/2\/a+bSec[e+fx]

J dx
c+cSec[e+fx]

Optimal (type 4, 295 leaves, 11 steps):

g (b+aCos[e+fx]) EllipticE[i (e+Fx), aZTab] \/gsecle+fx]

cf | —[—Lb+ac°: :”CX a+bSecle+fx]

(a-b) g | bratesledxl EllipticF[% (e+Fx), 2—‘1] \/gsecle+fx]

a+b a+

+

+

cfva+bSecle+fx]

2ng7 beacoslesxl E11ipticPi[2,  (e+fx), 22] /gSec[e+fx]

cfva+bSec[e+fx]

g (b+raCosfe+fx])VgSec[e+fx] Sin[e+fx]

f(c+cCos[e+fx])Va+bSec[e+fx]

Result (type 8, 41 leaves):
J(gSec[e+-Fx])3/2\/a+b5ec[e+fx]

c+cSec[e+fx]

dx

Problem 275: Result more than twice size of optimal antiderivative.

Sec[e + fx]

dx
J\/a+bSec[e+1=x1 (c+csecle+fx])

Optimal (type 4, 209 leaves, 3 steps):
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1 a+bSec[e+fx a+b
-————2+/a+b Cot[e+fx] EllipticF[Ar‘cSin[\/ - [e+7x] B : ]
(a-b) cf Ja+b a-b

b (1-Sec[e+fx]) b (1+Sec[e+fx])

- +
a+b a-b

L. . Tan[e + f x] a-b 1

E111pt1cE[Ar‘c51n[ B \/a+bSec[e+-Fx] /
1+Secfe+fx] a+b 1+Secfe+fx]

(a b)cf\/ a+bSec[e+fx]
(

a+b) (1+Secle+fx])

Result (type 4, 2173 leaves):

Cos[SJrjc—X}2 (b+acCos[e+fx])Sec[e+fx]?
2 2

2Sinfe + f x] 2Tan[% (e +fx)]

-a+b -a+b

|/

(-F\/a+bSec[e+fx] (c+cSec[e+fx])) -

fx;2 b a+/Sec[e+fx]

2Cos{g+—] [— - +
2 2 (-a+b) Vb+aCos[e+fx] +/Sec[e+fx] (-a+b) Vb+acCos[e+fx]

b~/Secle+ f x| _aCos[Z(e+fx)}x/$ec[e+fx] Secle s fx)32
(-a+b) Vb+aCos[e+fx] (-a+b) Vb+aCos[e+fx]
1 2 L . a-b 1
\/Cos[;(eﬂcx)] Sec[e+fx] |(a-b)EllipticE|ArcSin| A Tan[;(eﬂcx)H,
a+

a+b]\/(b+aCos[e+Fx])Sec[;(e+-FXH2 \E\/ab\/ Cos[e + f x]
+

a-b a+b a+b 1+Cosfe+fXx]

(b+aCos[e+fx])Tan[~ (e+Ffx)]||-1+Tan]|

N |

(e+1°x)]2) /

1
2

a-by3/2 1 4
( b] (a+b)-F\/Cos[e+fx]Sec[;(e+fx)] Ja+bSec[e+ fx]
a+
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(c+csecle+fx]) |- 25ec[1<e+fx)]2\/Cos[l(e+fx”25ec[e+fx}
2 2

Tan[l(eJrFxH (a-b) EllipticE[ArcSin| a-b Tan[l(eJrfx)]], a+b
2 a+b 2 a-b

}

+

\/ (b+acCos[e+fx]) Sec[i (e+1:x)]2

a+b

\E\/a_b\/ Cos[e+fx] (b+aCos[e+-Fx])Tan[1(e+-FxH /
a+b 1+Cos[e+fx] 2

(e+-Fx)]4

N |

a+b

a_b3/2
( J (a+b) Vb+aCos[e+fx] |Cosle+fx]Sec|

1 2 . .. . a-b
a [Cos|[= (e+fx)]| Sec[e+fx] Sin[e+fx] |(a-b) EllipticE[ArcSin|
2 a+b
1 aib <b+aCos[e+-Fx])Sec[l(eﬂ“x)]2 a-b
Tan[f(eJr-Fx)H, } 2 w2
2 a-b a+b a+b

Cos[e + fx] 1 1 2
———— (b+acC +f Tan|— (e+f -1+Tan|— (e+f
\/1+COS[E+'FXJ (b +acoste+x]) an[z e+ )] [ an[z (e #x)] ] /

.
a+b 2

\/Cos[

_ 3/2
{(a b) (a+b) (b+aCos[e+fx})3/2\/Cos[eﬂcx] Sec[1<e+fx)]4

2
(e+fx)] secfe+fx] |(a-b)EllipticE[ArcSin|

N |

Tan[

N |

aib (e+'FX)H,

a-b a+b a+b 1+ Cos[e+fx]

a+b}\/(b+aCos[e+fx])Sec[i(e+fX)]2 ﬁ\/a—b\/ Cos[e + fx]
+
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-Sec]| (e+fx)]4sin[e+fx] +

N |

(b+aCos[e+fx]) Tan[l (e+fx)]
2

[—1+Tan[§ <e+fx)]2) /

|

2 Cos[e +fx] Sec[1 (eJr-Fx)]ATan[1 (e+fx”
2 2

1 3/2
Cos[e+fx] Sec[ =~ (e+fx)]| ] J—
2

a-b 3/2
(( b) (a+b)+/b+acCosle+fx]
a+

Y/

2\/Cos[l (e+-FxHZSec[e+fx] (—1+Tan[l (e+1°x)]2
2 2

a-b)32 1 4
( ] (a+b) Vb+aCos[e+fx] \/Cos[e+-Fx]Sec[—(e+fx)]
a+b 2

a+b 1+Cos[e+f X]

Jﬂ J—;‘—C"Se*” (b+aCos[e+-Fx])Sec[§<e+fx)]2

V2

a+b 1+ Cos[e+fx]

ﬁaJabJ Cosle X Gintefxi Tan[ L (e Fx)]
2

Cos[e+fx1 Sinf[e + f x] Sinf[e + f x]
1+Cos[e+fx]

1+ Cos| e+fx])

a-b
[ (b+aCos[e+fx])
a+b

Tan| (e+1‘x

{\/—\/ Cos[e + fx]

1+Cos[e+fx]

[(ab) EllipticE [ArcSin| Tan[ = (e+fx)]], axb
a+b a-b

N |

]

aSec[ (e+Fx) Sinfe + f x] 1 1 X
- + (b+acCos[e+fx])Sec[~ (e+fx) ]|
a+b a+b 2
b+aCos[e+fx])Sec[t (e+fx)]?
Tan[l(ewa)] / 2\/( ) [2( H +
2 a+b
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<e+-F)()]2\/ (b+aCos[e+fx]) Sec[i (e+-Fx>]2

a+b

b 1
Tan[= (e+f
a+b an[z(e+ XH]Ja—b

(a-b) EllipticE[ArcSin|

+

\/ (b+acCos[e+fx]) Sec{i (e+1:x)]2

a+b

N |

(e+-Fx)]
a+b 1+Cos[e+fx]

\E\/a_b\/ Cos[e+fx] (b+acCos[e+fx]) Tan|

(—1+Tan[

(e+fx)]2]

—Cos[1 (e+fx)] sece+fx]sSin|
2

/

N |

<e+'FX>] +

N =

2
Cos[ = (e+fx)| secle+fx] Tan[e + fx]

N |

a-b\3/2 1 4
{( b) (a+b)+/b+acCosle+fx] \/Cos[e+fx]5ec[;(e+fx)]
a+

\/Cos{l (e+fx”25ec[e+fx}
2

Problem 276: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e + f x]?

dx

J\/a+bSec[e+1:x1 (c+csecle+fx])

Optimal (type 4, 214 leaves, 3 steps):
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1 a+bSecle+f a+b
—————2a+/a+b Cot[e+fx] EllipticF[Ar‘cSin[\/ : [e+7x] s ]
(a-b)bcf Ja+b a-b

b (1-Sec[e+fx]) b (1+Sec[e+fx])

a+b a-b
L . Tan[e + f x] a-b 1
E111pt1cE[Ar‘c51n[ }, } \/a+bSec[e+Fx] /
1+Secfe+fx] a+b 1+Secfe+fx]

(a b)cf\/ a+bSec[e+fx]
(

a+b) (1+Secle+fx])

Result (type 4, 1482 leaves):

e fx,2 1 2 b+acCos[e+fx]
8aCos[—+—| Cos[~ (e+fx)]
2 2 2 (a+b) (1+Cos[e+fx])

4

N |

<e+-Fx)]

e s . 1 a-b
EllipticPi[-1, -ArcSin|[Tan|~ (e+fx>H, b] \/Cos[e+fx] Sec|
2 a+

Sec[e+fx]32+/1+Sec[e+fx] /((—a+b)F\/a+bSec[e+fx1 <c+cSec[e+fx1))—

e fx;2 1 2 b+acCos[e+fx]
4bCos[—+—] Cos[= (e+fx) |
2 2 2 (a+b) (1+Cos[e+fx])

EllipticPi[-1, —Ar‘cSin[Tan[1 (e+fx)]], ai:] \/Cos[e+fx] Sec[1 (e+fx)]4
2 a+ 2

Sec[e+fx]¥2+/1+secle+fx] /((—a+b)f\/a+b5ec[e+fx} <c+cSec[e+fx}))+

|/

2Sinfe + fx] 2Tan[%(e+fx)]
- +
-a+b -a+b

Cos[g+1cfx]2 (b+acCos[e+fx])Sec[e+fx]?
2 2

(-F\/a+bSec[e+fx] (c+cSec[e+fx])) -

2Cos[g+f—x]2\/b+aCos[e+-Fx] Sec[e + fx]3/? !
2 2 1-Tan[t (e+fx)]*

\/1—Tan[

(e+-FxH2 -a -axb

(e+fx)]” -

N |
N |

a+b

Tan[% (e+fx)] \/1—Tan[
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b 7aa++bb Tan[i(eJr-Fx)]\/lTan[i<e+fx)]2 +a\/aa++bb Tan[%(ewa)]3
1 2 -a+b 1 3 1 2
1-Tan[= (e+f b Tan[= (e+f 1-Tan[= (e+f
\/ an[2<e+ x) | \/a+b an[2<e+ x) | \/ an[z(e+ x) |+
L. a+b . +b 1 a+b
4iaEllipticPi[- ——, i ArcSinh| Tan|— (e+Fx) 115 ]
a-b a+b 2 a-b
a+b7aTanE(e+FxH2+bTan[§(e+fo2 )
a+b
L. a+b . +b 1 a+b
2 bEllipticPi[- ——, i ArcSinh]| Tan|— (e+Fx) 115 ]
a-b a+b 2 a-b
a+b7aTanE(e+FxH2+bTan[§(e+fo2 )
a+b
. . . .r a+b . +b 1 a+b
41iaEllipticPi[- ——, i ArcSinh| Tan|— (e+Fx) 115 ]
a-b a+b 2 a-b

Tan[l (e+1°x”2

\/a+baTan[§ (e+fx)]2+bTan[§ (e+fx)]2
2

a+b

a+b
]

. . . o.r @a+tb . +b
21 bEllipticPi [— ——, 1 ArcSinh [
a-b

a-b a+b

Tan[

(e+-Fx)]],

N |

Tan[l (e+1°x”2

+

\/a+baTan[§ (e+fx)]2+bTan[§ (e+fx)]2

2 a+b
i (a-b) EllipticE[i ArcSinh| “arb Tan[1 (e+fx)]], a+b]
a+b 2 a-b

) e #x)] JM““E (e fx)]"vbTan[} (e x] |’

1+Tan|[~ -
2 a+b
2i (a-b) EllipticF[i ArcSinh| SR Tan[l(eJr-Fx)H,aer]
a+b 2 a-b

5 a+b—aTan[i(e+-FxH2+bTan[§(e+fo2
I /

1+Tan[l(e+fx” )
a+

2



134 | Mathematica 11.3 Integration Test Results for 4.5.2.3 (g sec)”p (a+b sec)™m (c+d sec)”™n.nb

2\ 3/2

“axh <e+-Fx)]

(—a+b)

fy/a+bSecle+fx] (c+cSecle+fx]) |1+Tan|

N |

a+b

a+b—aTan[i (e+fx)]2+bTan[i (e+Fx)]2

1+Tan[§ (e+fx>]2

Problem 277: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(gsec[e+fx])?>?

dx

J\/a+bSec[e+1‘:x1 (c+csecle+fx])

Optimal (type 4, 229 leaves, 7 steps):
g (b+aCosfe+fx]) EllipticE[i (e+fx), :ﬁ] \Jgsecle+fx]

(a-b) cf /b*"“gc":beL’ch vVa+bSecl[e+fx]
b+a Cos[e+f x s g 1 2a \/—
g l—‘—]-am E111pt1cF[2 (e+fx), a+b} gSecle + fx]

cfva+bSec[e+fx]
g (b+aCos[e+fx])/gsSecle+fx] Sin[e+fx]

(a-b) f (c+cCosfe+fx])~/a+bSec[e+fx]

+

Result (type 6, 1019 leaves):

Cos[5+fix}2 (b+aC05[e+Fx]) (gSec[e+fx])
2 2

3/2

2Cscle] 25ec[§}5ec[§+‘%]sin[%"]

(—a+b)f+ (-a+b) f

]]/ (\/a+bSec[e+fx} (c+cSec[e+fx}>) +

1

(-a+b) f/1+Cotle]? va+bSecle+fx] (c+csecle+fx])
b-a+/1+Cot[e]? Sin[e] Sin[fx—Ar‘cTan[Cot[e]}])

) ) E )

2 2
a~/1+Cotle]? (1+ ﬁ@—]
a~/1l+Cot[e]?

Cscle]

1
AppellF1 [ -
2

N R
\
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Csc[e] |b-a~/1+Cot[e]? Sin[e}Sin[fx—Ar‘cTan[Cot[e]}]) e fx
2
| cos[ =+ —]
1+Cot[e]? [-1+—f—‘—bcsce ] 2 2
1+Cot[e]?

v/b+aCos[e+fx] Csc[g} Sec[g] (gsece+fx])>?Sec[fx-ArcTan[Cot[e]]]
2 2

a\/l +Cot[e] fa\/l +Cot[e]? Sin[fx-ArcTan[Cot[e]]]

\ a~/1+Cot[e]?2 -bCsc[e]

a\/1+Cot[e]2 +a\/1+Cot[e]2 Sin[fx -ArcTan[Cot[e]]]

1+Cot[e]? +bCscle]

b-a+/1+Cot[e]? Sin[e] Sin[fx -ArcTan[Cot[e]]] +

{aCos[eJrFX]Z\/bJraCos[eJr-Fx] Csc[g} Sec[g] (gsecie+fx])3?
2 2 2 2

AppellFl[—l, —1, —1, l, - ||Sec[e] |[b+aCos[e] Cos[fx+ArcTan[Tan[e]]]
2 2 2 2
[ 5 b Sec[e] ]J
1+ Tan[e] ]/ a\/1l+Tan[e] 1- B
1+Tan[e]?
Sec[e] |b+aCos[e] Cos[fx+ArcTan[Tan[e]]] +/1+Tan[e]? J/
{ 5 b Sec[e] . ]
a\/1+Tan[e] -1- }Sln[Fx+Ar'cTan[Tan[e]}]Tan[e] /

a+/1l+Tan[e]?

/

{«/1 +Tan| J a/1l+Tan[e]? -aCos[fx+ArcTan[Tan[e]]] /1+Tan[e]?

bSec[e] +a 1+Tan[e12))J((a 1+Tan[e]? +

aCos[fx+ArcTan[Tan[e]]] 1+Tan[e]2)/(—b5ec[e]+a 1+Tan[e]?

|

\/b+aCos[e] Cos[fx+ArcTan[Tan[e]]] /1 +Tan[e]?

Sin[fx+ArcTan[Tan[e]]] Tan[e]

b +acCos[e] Cos|

+ (2 aCos[e]

1+Tan[e]?
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fx+ArcTan[Tan[e]]] /1 +Tan[e]?

/

)/ (a®Cos[e]?+a*sSin[e]?)

{JbJraCos[e] Cos[fx+ArcTan[Tan[e]]] /1 +Tan[e]? ]]J/

(2 (-a+b) f/a+bSecle+fx] (c+cSec[e+fx}))

Problem 278: Unable to integrate problem.

(gsec[e+fx])°>?

dx

J\/aerSec[eJr-Fx} (c+csecle+fx])

Optimal (type 4, 312leaves, 11 steps):
g? (b+aCosfe+fx]) EllipticE[i (e+Fx), ;—ab} \/gsec[e+fx]

(a-b)cf /b“’—c":fbe*i]- Ja+bSecle+fx]

| bracosiesfx] s o1 2a] \/gSecles x|
g2 a°:+; X E111pt1cF[2(e+-Fx),ai} gSec[e + fx]

cfva+bSecle+fx]

2g2J7 b*a—a’:;*&LEllipticpi[z, > le+fx), 2] VgSecle+fx]
cfva+bSec[e+fx]

g’ (b+aCos[e+fx])VgSecle+fx] Sinle+fx]

(a-b) f (c+cCosfe+fx])~/a+bSec[e+fx]

+

+

Result (type 8, 41 leaves):

<gSec[e+Fx])5/2

dx

J\/aerSec[eercx} (c+csecle+fx])

Problem 279: Unable to integrate problem.

Sec[e+fx] Va+bSec[e+fx]
J dx

c+dSec[e+ fXx]

Optimal (type 4, 213 leaves, 3 steps):
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1 a+bSec[e+fx a+b
—2+/a+b Cot[e+fx] EllipticF[Ar‘cSin[\/ : [e+7x] , 2 ]
df Jah a-b

b (1-Sec[e+fx]) b (1+Sec[e+fx])
a+b a-b

.. .. 2d . vJ1-Sec[e+fx] 2b a+bSecle+fx]
2 (bc-ad) EllipticPi| , ArcSin| B ]
c+d 2 a+b a+b
Tan[e + f x] /(d (c+d) f+/a+bSec[e+fx] —Tan[e+1:x12)

Result (type 8, 35leaves):

Sec[e+fx] Va+bSec[e+fx]
J dx

c+dSec[e+ fXx]

Problem 280: Result unnecessarily involves imaginary or complex numbers.

(gsecle+fx])**a+bSec[e+fx] 5
X
J c+dSec[e+fx]

Optimal (type 4, 170leaves, 7 steps):

2bg | bracoslesfxl El]ipticpi2, % (e+fx), :—1] gsSec[e+fx]

a+b

df+a+bSec[e+fx]

N % (e+1=x),

2 | Vgsecle+fx] /

a+b

b+acCos[e+fx] .. _.r2c
2(bc-ad)g EllipticPi]
a+b c+d

(d (c+d) f/a+bSec[e+fx] )

Result (type 4, 223 leaves):
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a+b a-b

\/ a(-1+Cosle+fx]) \/a<1+Cos[e+fx])
-11218 |- Cot[e + f x]

-a+b
Vb+aCosfe+fx] |, : | -
a-b a+b

a
[EllipticPi [1- =, iArcSinh]
b

-b —
[ulepcsinh[ \/b+aCos[e+-FX]]: a+b]
-bc+ad a-b a+b

EllipticPi

gSec[e+fx] Va+bSec[e+fx] /[ df+b+aCos[e+fx]

a-b

Problem 281: Unable to integrate problem.

Sec[e + f x]

dx

J\/a+bSec[e+1‘:x} (c+dsecle+fx])

Optimal (type 4, 102 leaves, 1step):

Tan[e + f x]

/

.. .. 2d . V1-Sec[e+fXx] 2b a+bSec[e+fx]
2 EllipticPi| , ArcSin| ]
a+b

c+d V2 a+b

((c+d)F\/a+bSec[e+fx} ~Tan[e + fx]?

Result (type 8, 35leaves):

Sec[e + fx]

dx

J\/aerSec[eercx} (c+dsecle+fx])

Problem 282: Unable to integrate problem.

Secl[e +fx]?

dx

J\/a+bSec[e+1°x} (c+dsecfe+fx])

Optimal (type 4, 209 leaves, 3 steps):
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1 a+bSec[e+fx a+b
——2+/a+b Cot[e+fx] EllipticF[Ar‘cSin[\/ : [e+7x] s ]
bdf Vaih a-b

b (1-Sec[e+fx]) b (1+Sec[e+fx])
a+b a-b

.. .. 2d . vJ1-Sec[e+fx] 2b a+bSecle+fx]
2 cEllipticPi]| , ArcSin| B ] Tan[e+fx}/
c+d 2 a+b a+b

[d (c+d) fJa+bSec[e+fx] +/-Tan[e+fx]?

Result (type 8, 37 leaves):

Sec[e + f x]?

dx

J\/a+bSec[e+1:x1 (c+dsecle+fx])

Problem 284: Result unnecessarily involves imaginary or complex numbers.

(gsec[e+fx])°>?

dx

J\/a+bSec[e+1:x1 (c+dsecle+fx])

Optimal (type 4, 166 leaves, 7 steps):

2g? /b*a—c":‘;*ﬁL EllipticPi[2, i (e+Fx), :fab} \/gsecle+fx]

df+a+bSec[e+fx]

, | b+acCos[e+fx] .. _.r 2c
2cg EllipticPi [

1
, — (e+fx),
a+b c+d 2

2 }\/gSec[eJr-Fx] /

a+b

(d (c+d) fv/a+bSec[e+fx] )

Result (type 4, 246 leaves):
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-1+C f 1+C f
- ng\/a< rCosfer X” \/a( rCosfer X]> b+aCos[e+fx] Cot[e+fx]

a+b a-b

e a . 1 -a+b
(-bc+ad) EllipticPi[1- —, i ArcSinh| Vb+aCosfe+fx] |, +
b a-b a+b
i P (a_ )C . . 1 -a+b
bcE111pt1cP1[7,JlAr‘c51nh \/b+acCos[e+fx] ],
-bc+ad a-b a+b

(gSec[e+fx])3/2/ bd (-bc+ad) fva+bSec[e+fx]

a-b

Problem 285: Result more than twice size of optimal antiderivative.
JSec[eﬂcx] Tan[e + fx]*

dx
(c-csecle+fx])’

Optimal (type 3, 67 leaves, 4 steps):

Cot[% <e+fx)]5 _Cot[% (e+fx)]7 ) Cot[% (e+fx)]9

20c’ f 14 c’ f 36c’ f

Result (type 3, 151 leaves):
1

23063040 c’ f

e 1 9 . fx . f x . 3fx
CSC[;] Csc[; (e+fx)] -97198251n[7} -718830 Sin|e + 7] + 467208 Sin e + A |+
5fx

2

X 3fx X 5fx X
659400 Sin[2 e + | -303192Sin[2e+ | -1796405Sin[3 e+

]+

| +15sin[5e+ 2 fx

. 7 fx . 7fx
30753Sin[3e+ | +89955Sin[4e+

| -13427sin[4e+ 2 fx
2

]
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Summary of Integration Test Results

286 integration problems

A - 144 optimal antiderivatives

B - 50 more than twice size of optimal antiderivatives
C - 71 unnecessarily complex antiderivatives

D - 21 unable tointegrate problems

E - Ointegration timeouts



